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Abstract: The jet shape is the fraction of the jet energy within a cone r centered on the
jet axis. We calculate the jet shape distribution at next-to-leading logarithmic accuracy
plus next-to-leading order (NLL′), accounting for logarithms of both the jet radius R and
the ratio r/R. This is the first phenomenological study that takes the recoil of the jet axis
due to soft radiation into account, which is needed to reach this accuracy, but complicates
the calculation of collinear radiation and requires the treatment of rapidity logarithms and
non-global logarithms. We present numerical results, finding good agreement with ATLAS
and CMS measurements of the jet shape in an inclusive jet sample, pp → jet + X, for
different kinematic bins. The effect of the underlying event and hadronization are included
using a simple one-parameter model, since they are not part of our perturbative calculation.
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1 Introduction
The jet shape is a classic jet substructure observable that maps out the transverse energy
profile of jets [1]. It is one of the most frequently studied jet substructure observables, which
has been measured at a variety of collider experiments over the past decades. The existing
data sets include jet shape measurements in pp, pp¯, ep, e+e− and heavy-ion collisions, and
the range of different center-of-mass energies (Ecm) makes the jet shape a unique testing
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Figure 1. The integrated (differential) jet shape, shown in the left (right) panel, is the fraction of
the jet transverse momentum contained in a circle (annulus) in (η, φ) coordinates, centered on the
jet axis.
ground for precision QCD studies. In order to achieve a meaningful comparison between
the experimental data and theoretical calculations, we need to be able to make precise
predictions within perturbative QCD, which is the goal of this work.
Jet shapes have been used to constrain parton shower event generators, including their
models of hadronization and the underlying event contribution, see e.g. ref. [2]. Further-
more, QCD predicts that the distribution of particles in gluon jets is broader than in quark
jets, making the jet shape a useful observable to discriminate between quark and gluon jets
(see ref. [3] for a recent review). More generally, jet substructure techniques have started
to play an important role in the search for physics beyond the standard model [4], where
the separation of boosted objects from QCD jets requires a sophisticated understanding of
jet substructure. For recent reviews of jet substructure techniques and their applications,
see refs. [5, 6].
We consider inclusive jet production, pp→ jet +X, where any observed jet in a given
transverse momentum pT and rapidity η interval is taken into account, and we sum over
everything else (X) in the final state. Given such an identified jet with radius R, the
integrated jet shape ψ(r) and the differential jet shape ρ(r) are defined as follows
ψ(r) =
∑
ri<r
pT i∑
ri<R
pT i
, ρ(r) =
dψ(r)
dr
, (1.1)
see fig. 1. Here ri denotes the distance in the (η, φ) plane of particle i in the jet to the jet
axis, and pT i is its transverse momentum with respect to the beam axis. The dependence
on the pT , η and radius R of the observed jet is left implicit. The integrated jet shape
is normalized by construction, i.e. ψ(R) = 1. Note that it is important for the jet shape
which jet axis is chosen. We will focus on the standard jet axis, which is consistent with
the currently existing data sets. For a discussion of the jet shape using the winner-take-all
axis [7], see refs. [8, 9].
The first jet shape measurements were already performed by the OPAL collaboration
at LEP [10]. It has also been measured at the Tevatron [11–13], and at HERA in both deep
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inelastic scattering [14–17] and photoproduction [18]. At the LHC, jet shape measurements
on an inclusive jet sample were performed by ATLAS [19] and CMS [20] at Ecm = 7 TeV.
The jet shape has also been measured for heavy-flavor jets [21, 22]. We leave an extensive
comparison to all these data sets for future work, focussing only on the LHC data in this
paper. In recent years, jet shapes have also received a growing attention in heavy-ion
collisions as a probe of the properties of the quark-gluon plasma. The transverse energy
profile of jets that traverse the hot and dense QCD medium gets modified in comparison
to jets in pp collisions. See refs. [23, 24] for recent experimental results from the LHC.
In this work we build upon the framework for jet shapes developed by some of us in the
context of subjet distributions [8], and extend it to full next-to-leading logarithmic (NLL′)
accuracy. We employ Soft Collinear Effective Theory (SCET) [25–29] in order to achieve
the resummation of lnR and ln(r/R). The starting point is our factorization of the cross
section differential in jet transverse momentum pT , rapidity η, and the energy fraction zr
contained in a subjet of radius r centered along the jet axis,
dσ
dpT dη dzr
=
∑
a,b,c
fa(xa, µ)⊗ fb(xb, µ)⊗Hcab (xa, xb, η, pT /z, µ)⊗ Gjetc (z, zr, pTR, r/R, µ) .
(1.2)
Here fa,b denote the PDFs for the incoming protons, the hard functions Hcab describe the
hard scattering ab→ c+X and ⊗ denote appropriate integrals over the momentum frac-
tions xa,b and z (see eq. (2.1) for more details). The production of the jet, including the
measurement of the energy fraction zr, is captured by the jet function Gjetc . The factoriza-
tion in eq. (1.2) holds for narrow jets and is analogous to inclusive hadron production, with
fragmentation functions replaced by jet functions [30–32]. The integrated jet shape ψ(r) in
eq. (1.1) is then given by the energy average of the zr differential cross section normalized
by the inclusive jet cross section
ψ(r) =
∫ 1
0
dzr zr
dσ
dpT dη dzr
/ dσ
dpT dη
. (1.3)
The expression for ψ(r) involves single logarithms in the jet radius parameter αns ln
nR and
double logarithms in the ratio of the two jet radii αns ln
2n(r/R), which can be large and
will be resummed. The resummation of logarithms in the jet radius parameter R follows
from the usual DGLAP evolution equations satisfied by the jet function Gjetc . This was
found to be a characteristic feature of single-inclusive jet substructure observables, see
e.g. refs. [32–35].
The resummation of logarithms in r/R requires a treatment within SCETII due to
the recoil-effect of soft radiation, as pointed out in ref. [8]. This resummation is thus
similar to that encountered for transverse momentum dependent observables [36–41]. It is
accomplished by refactorizing the jet function Gjetc in eq. (1.2) in the limit r  R as
Gjetc (z, zr, pTR, r/R, µ) NLL
′
=
∑
d
Hcd(z, pTR,µ)
∫
d2k⊥Cd(zr, pT r, k⊥, µ, ν) (1.4)
× SGd (k⊥, µ, νR)SNGd
( r
R
)[
1 +O
( r
R
)]
.
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psoft?<latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwS J4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiWgn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9 zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE5 0hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwS J4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiWgn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9 zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE5 0hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwS J4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiWgn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9 zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE5 0hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwS J4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiWgn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9 zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE5 0hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit>
pcoll?<latexit sha1_base64="J1Y/UtqxIyfUnj9yoxXwUxprBM0=">AAAB/nicdVBNSwMxEM36WetXVTx5CRbB05LVYu2t6MVjBVuFtpZsOtVgdjcks2 JZCv4VLx4U8erv8Oa/Mf0QVPTBwOO9mWTmhVpJi4x9eFPTM7Nz87mF/OLS8spqYW29YZPUCKiLRCXmIuQWlIyhjhIVXGgDPAoVnIc3x0P//BaMlUl8hn0N7YhfxbInBUcndQqbutPSYPRl1kK4w8y9qAaDTqHIfLZfPmAlyvx9dhjsVRwpM1YuVWjgsxGKZIJap/De6iYijSBGobi1zYBpbGfcoBQKBvlWa kFzccOvoOlozCOw7Wy0/oDuOKVLe4lxFSMdqd8nMh5Z249C1xlxvLa/vaH4l9dMsXfYzmSsU4RYjD/qpYpiQodZ0K40IFD1HeHCSLcrFdfccIEusbwL4etS+j9p7PkB84PTUrF6NIkjR7bINtklASmTKjkhNVIngmTkgTyRZ+/ee/RevNdx65Q3mdkgP+C9fQLl5Za+</latexit><latexit sha1_base64="J1Y/UtqxIyfUnj9yoxXwUxprBM0=">AAAB/nicdVBNSwMxEM36WetXVTx5CRbB05LVYu2t6MVjBVuFtpZsOtVgdjcks2 JZCv4VLx4U8erv8Oa/Mf0QVPTBwOO9mWTmhVpJi4x9eFPTM7Nz87mF/OLS8spqYW29YZPUCKiLRCXmIuQWlIyhjhIVXGgDPAoVnIc3x0P//BaMlUl8hn0N7YhfxbInBUcndQqbutPSYPRl1kK4w8y9qAaDTqHIfLZfPmAlyvx9dhjsVRwpM1YuVWjgsxGKZIJap/De6iYijSBGobi1zYBpbGfcoBQKBvlWa kFzccOvoOlozCOw7Wy0/oDuOKVLe4lxFSMdqd8nMh5Z249C1xlxvLa/vaH4l9dMsXfYzmSsU4RYjD/qpYpiQodZ0K40IFD1HeHCSLcrFdfccIEusbwL4etS+j9p7PkB84PTUrF6NIkjR7bINtklASmTKjkhNVIngmTkgTyRZ+/ee/RevNdx65Q3mdkgP+C9fQLl5Za+</latexit><latexit sha1_base64="J1Y/UtqxIyfUnj9yoxXwUxprBM0=">AAAB/nicdVBNSwMxEM36WetXVTx5CRbB05LVYu2t6MVjBVuFtpZsOtVgdjcks2 JZCv4VLx4U8erv8Oa/Mf0QVPTBwOO9mWTmhVpJi4x9eFPTM7Nz87mF/OLS8spqYW29YZPUCKiLRCXmIuQWlIyhjhIVXGgDPAoVnIc3x0P//BaMlUl8hn0N7YhfxbInBUcndQqbutPSYPRl1kK4w8y9qAaDTqHIfLZfPmAlyvx9dhjsVRwpM1YuVWjgsxGKZIJap/De6iYijSBGobi1zYBpbGfcoBQKBvlWa kFzccOvoOlozCOw7Wy0/oDuOKVLe4lxFSMdqd8nMh5Z249C1xlxvLa/vaH4l9dMsXfYzmSsU4RYjD/qpYpiQodZ0K40IFD1HeHCSLcrFdfccIEusbwL4etS+j9p7PkB84PTUrF6NIkjR7bINtklASmTKjkhNVIngmTkgTyRZ+/ee/RevNdx65Q3mdkgP+C9fQLl5Za+</latexit><latexit sha1_base64="J1Y/UtqxIyfUnj9yoxXwUxprBM0=">AAAB/nicdVBNSwMxEM36WetXVTx5CRbB05LVYu2t6MVjBVuFtpZsOtVgdjcks2 JZCv4VLx4U8erv8Oa/Mf0QVPTBwOO9mWTmhVpJi4x9eFPTM7Nz87mF/OLS8spqYW29YZPUCKiLRCXmIuQWlIyhjhIVXGgDPAoVnIc3x0P//BaMlUl8hn0N7YhfxbInBUcndQqbutPSYPRl1kK4w8y9qAaDTqHIfLZfPmAlyvx9dhjsVRwpM1YuVWjgsxGKZIJap/De6iYijSBGobi1zYBpbGfcoBQKBvlWa kFzccOvoOlozCOw7Wy0/oDuOKVLe4lxFSMdqd8nMh5Z249C1xlxvLa/vaH4l9dMsXfYzmSsU4RYjD/qpYpiQodZ0K40IFD1HeHCSLcrFdfccIEusbwL4etS+j9p7PkB84PTUrF6NIkjR7bINtklASmTKjkhNVIngmTkgTyRZ+/ee/RevNdx65Q3mdkgP+C9fQLl5Za+</latexit> +<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ym srW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K1 4OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ym srW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K1 4OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ym srW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K1 4OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ym srW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K1 4OQzx/AHzucPcYWMrw==</latexit> p
soft
?<latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwSJ4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiW gn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80 toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE50hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwSJ4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiW gn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80 toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE50hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwSJ4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiW gn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80 toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE50hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit><latexit sha1_base64="HELZubt7ZXVYSxMY6hwmU4yDKi0=">AAAB/nicdVBNSwMxEM36bf2qiicvwSJ4WrJt0XoTvXhUsLbQ1pJNZzWY3Q3JrFiW gn/FiwdFvPo7vPlvTGsFFX0w8Hhvhpl5oVbSImPv3sTk1PTM7Nx8YWFxaXmluLp2btPMCKiLVKWmGXILSiZQR4kKmtoAj0MFjfD6aOg3bsBYmSZn2NfQifllIiMpODqpW9zQ3bYGoy/yNsIt5jaNcDDoFkvM36/sVoIaZX61tldmzBFWC8pOCXw2QomMcdItvrV7qchiSFAobm0rYBo7OTcohYJBoZ1Z0Fxc80 toOZrwGGwnH50/oNtO6dEoNa4SpCP1+0TOY2v7ceg6Y45X9rc3FP/yWhlGtU4uE50hJOJzUZQpiikdZkF70oBA1XeECyPdrVRcccMFusQKLoSvT+n/5LzsB8wPTqulg8NxHHNkk2yRHRKQPXJAjskJqRNBcnJPHsmTd+c9eM/ey2frhDeeWSc/4L1+AAPNltE=</latexit> = 0
<latexit sha1_base64="sNRa6migR4nhR4s6i31xjdL0aOE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh 6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa7ZcrbtWdg6wSLycVyNHol796g5 ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD6roz7</latexit><latexit sha1_base64="sNRa6migR4nhR4s6i31xjdL0aOE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh 6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa7ZcrbtWdg6wSLycVyNHol796g5 ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD6roz7</latexit><latexit sha1_base64="sNRa6migR4nhR4s6i31xjdL0aOE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh 6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa7ZcrbtWdg6wSLycVyNHol796g5 ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD6roz7</latexit><latexit sha1_base64="sNRa6migR4nhR4s6i31xjdL0aOE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh 6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa7ZcrbtWdg6wSLycVyNHol796g5 ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD6roz7</latexit>
Jet axis
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Figure 2. Illustration of the refactorized expression of the jet function Gc in eq. (1.4) in the limit
r  R. Hard radiation at the jet scale pTR is allowed outside the observed jet. The collinear
radiation (blue) is offset from the jet axis, due to the recoil from the soft radiation (orange) inside
the jet, since the jet axis is along the jet momentum.
Here, the hard functions Hcd describe how the parton c coming from the hard-scattering
produces a jet of size R and of parton flavor d, carrying a fraction z of the initial parton.
The collinear function Cd and the soft function S
G
d take into account collinear and (global)
soft radiation inside the jet. We integrate over the transverse momentum k⊥ generated
by the soft radiation, accounting for its recoil on the collinear radiation. By solving the
associated renormalization group (RG) equations of the different functions, we achieve the
resummation of logarithms in r/R. This involves both the standard renormalization group
evolution in the invariant mass scale µ, as well as an evolution in the rapidity scale ν, as
discussed in sec. 2. We calculated the collinear functions Cd for the first time at one-loop
order, accounting for the dependence on the recoil k⊥. We also include the contribution of
non-global logarithms (NGLs) [42], which are captured by the function SNGd in eq. (1.4),
but only affect the region where r/R is very small. The simple (multiplicative) treatment
of the NGLs in eq. (1.4) is the reason this equation is only valid to NLL′ accuracy. The
refactorized cross section in eq. (1.4) which is given in terms of hard, collinear and soft
functions in the limit r  R is illustrated in fig. 2. In particular, we show the effect of the
recoil due to the soft radiation inside the jet.
The perturbative order of the various ingredients needed for the lnR and ln(r/R)
resummation is summarized in table 1. We work at NLL′ accuracy in the ln(r/R) re-
summation, as this is commensurate with an NLL resummation of lnR. Going beyond
this accuracy will be daunting, especially in the treatment of non-global logarithms. We
would like to stress that earlier jet shape calculations [43–45] are formally only accurate
to leading-logarithmic (LL) order in their treatment of the logarithms of r/R. In partic-
ular, the contribution from the rapidity evolution, as well as the non-global logarithms,
that both first enter at NLL accuracy, are included here for the first time. In addition,
earlier calculations did not account for the inclusive jet sample, where the resummation of
logarithms of the jet radius R changes the ratio of quark and gluon jets, thereby affecting
the spectrum already at LL accuracy.
Finally, comparisons between our predictions and LHC data suggested a significant
effect of nonperturbative physics (underlying event and hadronization) on the jet shape,
particularly for small jet pT . This is consistent with the picture that arises from studying
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Fixed-order β γµ γν NGLs
lnR LL tree 1-loop 1-loop - -
NLL 1-loop 2-loop 2-loop - -
NNLL 2-loop 3-loop 3-loop - -
ln(r/R) LL tree 1-loop 1-loop - -
NLL tree 2-loop 2-loop 1-loop LL
NLL′ 1-loop 2-loop 2-loop 1-loop LL
NNLL 1-loop 3-loop 3-loop 2-loop NLL
Table 1. The perturbative ingredients needed at various orders in the lnR and ln(r/R) resum-
mation. The columns correspond to the loop order of the fixed-order ingredients, the QCD beta
function, the µ and ν anomalous dimensions, and the non-global logarithms. The non-cusp part of
the µ anomalous dimension is only needed at one-loop order lower than indicated above.
these effects in Pythia [46]. We will include them in our analysis by using a simple
one-parameter model, finding good agreement with the data.
The remainder of this paper is organized as follows: The theoretical framework used
to calculate the jet shape is discussed in sec. 2, with certain ingredients relegated to the
appendices. We present a detailed derivation of the collinear function, relevant for the
resummation of logarithms in r/R, in sec. 3. The details that enter our numerical evaluation
of the cross section are described in sec. 4, and first (perturbative) results for quark and
gluon jets are presented there. Nonperturbative effects are investigated in sec. 5, for which
two simple models are explored. In sec. 6 we show our final results, which we compare to
available pp data from the LHC, and we conclude in sec. 7.
2 Framework
In this section we present the theoretical framework that we use to obtain our results. In
sec. 2.1 we describe the factorization formulae and how they enable resummation. We then
rearrange these formulae in sec. 2.2, to separate them into the inclusive production of jets
and the jet shape itself. In sec. 2.3 the one-loop hard function is given, and in sec. 2.4
we discuss the soft function and non-global logarithms. The calculation of the collinear
function at one-loop, accounting for the effect of recoil, is one of the main new results and
presented separately in sec. 3. The one-loop expressions for the jet function for r . R are
given in app. A, and the anomalous dimensions are listed in app. B.
2.1 Factorization and resummation
The cross section describing the measurement of the fraction zr of jet energy inside the
cone of radius r around the jet axis, in an inclusive sample of jets produced in pp collisions,
factorizes as follows
dσ
dη dpT dzr
=
∑
a,b,c
∫
dxa
xa
fa(xa, µ)
∫
dxb
xb
fb(xb, µ)
∫
dz
z
Hcab(xa, xb, η, pT /z, µ)
× Gjetc (z, zr, pTR, r/R, µ)
[
1 +O(R2)] . (2.1)
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The parton distribution functions fa and fb describe extracting a parton of flavor a and
b out of the proton, and the function Hcab [47] encodes their hard scattering in which
the parton with flavor c, rapidity η and transverse momentum pT /z is produced. The
subsequent formation of the jet with transverse momentum z × pT /z = pT moving in the
same direction, as well as the jet shape measurement, is encoded in the jet function Gjetc .1
This collinear factorization requires that R 1 to keep the O(R2) power corrections small.
In several examples it has been observed that these power corrections are still small for
values of R up to 0.7 [48]. Note that this factorization formula is identical to that for the
inclusive fragmentation of hadrons, with the fragmentation function replaced by our jet
function.
The jet function Gjetc describes the formation of the jet as well as the jet shape mea-
surement through zr, and has the following matrix-element definition in SCET,
Gjetq (z, zr, pTR, r/R, µ) = 16pi3
∑
X
1
2Nc
Tr
[ n¯/
2
〈0|δ
(
2− z n¯ · P
pT
)
δ2(P⊥)χn(0)|X〉〈X|χ¯n(0)|0〉
]
×
∑
JR∈X
δ
(
pT − pT (JR)
)
δ
(
zr − pT (jr)
pT
)
, (2.2)
for quark jets, and analogously for gluon jets. Here we exploit that the measurement is
invariant under boosts along the beam axis, to set the jet rapidity η equal to zero.2 We will
repeatedly make use of the following decomposition of a vector pµ in light-cone coordinates
pµ = n¯·p n
µ
2
+ n·p n¯
µ
2
+ pµ⊥ , (2.3)
where nµ = (1, 0, 0, 1) and n¯µ = (1, 0, 0,−1) are light-like vectors, and pµ⊥ denotes the
transverse components. The collinear field χ¯n in eq. (2.2) describes the quark that initiates
the jet, averaged over its spin and color configurations, leading to the factor 1/(2Nc). It
contains a Wilson line to ensure (collinear) gauge invariance. The δ(2 − z n¯ · P/pT ) fixes
the quark field to have transverse momentum pT /z with respect to the beam axis, and the
δ2(P⊥) fixes our light-cone coordinates to be along the momentum of the initial parton.
The last line describes the sum over all jets JR in the final state |X〉, with transverse
momentum pT , of which a fraction zr is inside the central subjet jr. The functions Gjetq and
Gjetg were calculated at one loop in ref. [8], and their expressions are collected in app. A.
The factorization in eq. (2.1) separates the physics at scales
µf ∼ ΛQCD , µH ∼ pT , µG ∼ pTR . (2.4)
By evolving G from its natural scale µG to µH, the logarithms of µG/µH ∼ R are resummed.
This involves the DGLAP evolution,
µ
d
dµ
Gjeti (z, zr, pTR, r/R, µ) =
∑
j
∫ 1
z
dz′
z′
αs
pi
Pji(z/z
′)Gjetj (z′, zr, pTR, r/R, µ) , (2.5)
1In ref. [8] this was called the central subjet function and a hat was included on top of G, to distinguish
it from other jet functions in that paper.
2This avoids spurious factors of cosh η in intermediate expressions. They arise due to the difference
between the energy and transverse momentum of the jet, and are compensated for by the angular size of
the jet, which also depends on η because the jet is defined in (η, φ) coordinates.
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Mode: Scaling (n¯·p, n·p, p⊥)
hard(-collinear) pT (1, R
2, R)
collinear pT (1, r
2, r)
(collinear-)soft pT (r/R, rR, r)
Table 2. The parametric scalings of the momenta of the modes that enter in the factorization of
the jet function for r  R.
where the one-loop splitting functions are given by
Pqq(z) = CF
(1 + z2
1− z
)
+
, Pgq(z) = CF
1 + (1− z)2
z
,
Pgg(z) = 2CA
[
z
(1− z)+
+
1− z
z
+ z(1− z)
]
+
β0
2
δ(1− z) , Pqg(z) = TF
[
z2 + (1− z)2] ,
(2.6)
and
β0 =
11
3
CA − 4
3
TFnf . (2.7)
For r  R, the jet function contains large logarithms of r/R that also require resum-
mation. This is achieved through a second factorization [8]3
Gjetc (z, zr, pTR, r/R, µ) NLL
′
=
∑
d
Hcd(z, pTR,µ)
∫
d2k⊥Cd(zr, pT r, k⊥, µ, ν) (2.8)
× SGd (k⊥, µ, νR)SNGd
( r
R
)[
1 +O
( r
R
)]
.
The momentum scalings of the modes in SCET, corresponding to the various ingredients in
eq. (2.8), are listed in table 2. If we boost to a frame where the jet and out-of-jet region are
complementary hemispheres, this is the usual power counting for hard, collinear and soft
radiation, which is why we use this nomenclature instead of hard-collinear and collinear-
soft. The hard function Hcd describes how the initial parton c produces a jet of radius R
with parton flavor d and a fraction z of the initial transverse momentum with respect to
the beam axis. Within the jet, the parton d can only undergo energetic splittings of angles
of order r, otherwise the collinear radiation would lie outside the cone of radius r.4 The
fraction zr of this collinear radiation within the cone of size r is described by the collinear
function Cd. The collinear function also accounts for the transverse momentum offset k⊥ of
the initial collinear parton with respect to the jet axis, due to recoil against soft radiation.
In sec. 3 we will present the first one-loop calculation of the collinear function for k⊥ 6= 0.
3This is identical to eq. (1.4) and repeated for convenience. Note that we adopted a slightly different
convention for the arguments of the involved functions in comparison to ref. [8].
4Of course there could be a splitting inside the jet of angular size R that is balanced in such a way that
there is also collinear radiation inside the cone of size r at the center of the jet, but such configurations give
a power suppressed contribution. This is very similar to the power suppression of the contribution from
two nearly back-to-back jets in Higgs production at small transverse momentum, discussed in e.g. ref. [40].
– 7 –
The distribution of this recoil is encoded in the soft function, which we separate into a
global contribution SGd and non-global logarithms S
NG
d . Non-global logarithms [42] arise
because only soft radiation inside the jet affects the position of the axis, and our simple
treatment of them is the reason why eq. (2.8) only holds to NLL′ accuracy, see sec. 2.4.
The O(r/R) power corrections in eq. (2.8) can be extracted from Gjetc , and will be included.
Transverse momentum dependent observables generically suffer from rapidity diver-
gences. We will employ the η-regulator [40, 49], for which ν denotes the corresponding
rapidity renormalization scale. The factorization in eq. (2.8) separates the jet function into
ingredients at the scales
µH ∼ pTR , µC ∼ pT r , µSG ∼ pT r ,
νC ∼ pT , νSG ∼ pT
r
R
. (2.9)
By evaluating the ingredients at their natural scales and using the RG evolution to evolve
them to a common scale, the global logarithms of µC/µH ∼ µSG/µH ∼ νSG/νC ∼ r/R are
resummed. The RG equations are5
µ
d
dµ
Hcd(z, pTR,µ) =
∑
e
∫ 1
z
dz′
z′
γHce
( z
z′
, pTR,µ
)
Hed(z
′, pTR,µ) .
µ
d
dµ
Cd(zr, pT r, k⊥, µ, ν) = γCd (µ, ν/pT )Cd(zr, pT r, k⊥, µ, ν) .
µ
d
dµ
SGd (k⊥, µ, νR) = γ
S
d (µ, νR)S
G
d (k⊥, µ, νR) ,
ν
d
dν
Cd(zr, pT r, k⊥, µ, ν) = −
∫
d2k′⊥
(2pi)2
γνd (k⊥ − k′⊥, µ)Cd(zr, pT r, k′⊥, µ, ν) .
ν
d
dν
SGd (k⊥, µ, νR) =
∫
d2k′⊥
(2pi)2
γνd (k⊥ − k′⊥, µ)SGd (k′⊥, µ, νR) . (2.10)
The anomalous dimensions are collected in app. B. As is clear from eq. (2.8), the anomalous
dimensions of the hard, collinear and soft function should combine to give the anomalous
dimension of the jet function, which we checked. The µ-evolution sums double logarithms,
and the ν-evolution, which was missed prior to our work in ref. [8], sums single logarithms.
We also include the leading non-global logarithms to obtain the desired NLL′ accuracy,
which will be discussed in sec. 2.4.
2.2 Separating the jet production and jet shape
We now rearrange our calculation in a way that simplifies the numerical implementation,
effectively separating the jet production and the jet shape.6 We start by writing Gjetc as
Gjetc (z, zr, pTR, r/R, µ) =
∑
d
Jcd(z, pTR,µ)
∫
dz′
[
Gjetd (z′, zr, pTR, r/R, µ)
− J (1)d (z′, pTR,µ) δ(1− zr)
]
+O(α2s) . (2.11)
5The expressions in ref. [8] contain a typo, as the convolution in k⊥ for the ν-RG equations was omitted.
6A similar rearrangement was carried out for hadron fragmentation inside a jet in ref. [30].
– 8 –
Here Jd is the semi-inclusive jet function [31, 32] that enters in inclusive jet production.
Jcd is directly related, except that it not only keeps track of the flavor c of the initiating
parton but also the flavor d of the jet, so∑
d
Jcd(z, pTR,µ) = Jc(z, pTR,µ) . (2.12)
Its one-loop expressions are given in eq. (2.21). Note that eq. (2.11) is not a factorization
of physics at different scales, as the natural scale of Gjet and J is both pTR. However, this
is why it is justified to work to finite order in αs. We exploited that at one-loop order the
nontrivial z-dependence cancels between Gjetd and Jd, i.e. their difference is proportional to
δ(1− z), since the splitting where one parton is outside the jet is treated the same in both
calculations. This delta function is removed by the integral over z. Combining Jcd with
the rest of eq. (2.1), we identify this as the cross section for the inclusive production of jets
of flavor d,
dσd
dη dpT
=
∑
a,b,c
∫
dxa
xa
fa(xa, µ)
∫
dxb
xb
fb(xb, µ)
∫
dz
z
Hcab(xa, xb, η, pT /z, µ)
× Jcd(z, pTR,µ)
[
1 +O(R2)] . (2.13)
By summing over d and using eq. (2.12), this reproduces the inclusive jet cross section in
refs. [31, 32]. Eq. (1.3) then implies that this remainder corresponds to the jet shape ψc(r)
for a jet of flavor c, after taking the second Mellin moment of zr,
ψd(r) =
∫
dz
[∫
dzr zr Gjetd (z, zr, pTR, r/R, µ)− J (1)d (z, pTR,µ)
]
+O(α2s) . (2.14)
Using the expressions in app. A, the jet shape for r . R is given by
ψq,r.R(r) = 1 +
αsCF
2pi
[
− 1
2
L2r/R +
3
2
Lr/R −
9
2
+
6r
R
− 3r
2
2R2
]
,
ψg,r.R(r) = 1 +
αs
2pi
[
− CA
2
L2r/R +
β0
2
Lr/R + CA
(
− 203
36
+
8r
R
− 3r
2
R2
+
8r3
9R3
− r
4
4R4
)
+ TFnf
(41
18
− 4r
R
+
3r2
R2
− 16r
3
9R3
+
r4
2R4
)]
, (2.15)
which is properly normalized, ψd,r.R(R) = 1.
For r  R, the factorization of G in eq. (2.8) leads to the following expression for the
jet shape
ψd,rR(r)
NLL′
= H˜d(pTR,µ)
∫
d2k⊥
∫
dzr zr Cd(zr, pT r, k⊥, µ, ν) (2.16)
× SGd (k⊥, µ, νR)SNGd
( r
R
)[
1 +O
( r
R
)]
,
where
H˜d(pTR,µ) =
∫
dz
∑
e
[
Hde(z, pTR,µ)− J (1)de (z, pTR,µ)
]
. (2.17)
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The contribution of H
(1)
de is removed by subtracting J
(1)
de , but there is a constant remainder
∝ δdeδ(1 − z) since J (1)de also receives a contribution when both partons are inside the
jet. This constant is contained in H˜d, where it is multiplied by the Sudakov factor from
the evolution kernels, ensuring that it’s contribution vanishes for r → 0 (as required).
In our implementation of eq. (2.16), we 1) include the evolution kernels from evolving the
ingredients between their natural scales, 2) expand the fixed-order ingredients, i.e. dropping
cross terms such as C(1)S(1), and 3) include the corrections contained in O(r/R), which
can be read of from eq. (2.15).
2.3 Hard function
The hard function Hcd in eq. (2.8) is up to one-loop order given by [8, 41]
Hqq(z, pTR,µ) = δ(1− z) + αs
2pi
[
CF δ(1− z)
(
− L
2
R
2
− 3
2
LR +
pi2
12
)
+ LRPqq(z)− 2CF (1 + z2)
( ln(1− z)
1− z
)
+
− CF (1− z)
]
,
Hqg(z, pTR,µ) =
αs
2pi
[(
LR − 2 ln(1− z)
)
Pgq(z)− CF z
]
,
Hgq(z, pTR,µ) =
αs
2pi
[(
LR − 2 ln(1− z)
)
Pqg(z)− TF 2z(1− z)
]
,
Hgg(z, pTR,µ) = δ(1− z) + αs
2pi
[
δ(1− z)
(
− CAL
2
R
2
− β0
2
LR + CA
pi2
12
)
+ LRPgg(z)− 4CA(1− z + z
2)2
z
(
ln(1− z)
1− z
)
+
]
. (2.18)
where the splitting functions are given in eq. (2.6), β0 is given in eq. (2.7) and LR is
LR = ln
( µ2
p2TR
2
)
. (2.19)
The hard function is formally a matching coefficient. At one-loop order it is simply the
contribution to Gc from the region of phase space where the two partons produced by a
splitting of c are not clustered together. The second index d denotes the parton inside the
jet.
The hard function H˜d in eq. (2.17) is given by
H˜q(pTR,µ) = 1 +
αsCF
2pi
(
−1
2
L2R −
3
2
LR − 13
2
+
3pi2
4
)
+O(α2s) ,
H˜g(pTR,µ) = 1 +
αs
2pi
[
CA
(
− 1
2
L2R −
5
12
+
3pi2
4
)
+ β0
(
− 1
2
LR − 23
12
)]
+O(α2s) . (2.20)
For completeness we mention that at one-loop order the semi-inclusive jet function with
identified jet flavor Jcd is
J
(1)
cd (z, pTR,µ) = H
(1)
cd (z, pTR,µ)− δcdδ(1− z)H˜(1)c (pTR,µ) , (2.21)
in terms of the above equations.
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2.4 Soft function and non-global logarithms
Up to NLL′ order, the global soft function for quark jets can be calculated from
SGq (k⊥, µ, νR)
NLL′
=
1
Nc
∑
Xs
〈0|T¯[Y †n¯Yn] |X〉〈X|T[Y †nYn¯]|0〉δ2
(
k⊥ −
∑
i∈jet
ki,⊥
)
, (2.22)
where the delta function sums the transverse momentum ki,⊥ with respect to the jet axis
of soft radiation in X that is inside the jet. Soft radiation does not resolve individual
collinear splittings, and so soft radiation emitted by the collinear particles in the jet can
be encoded by the eikonal Wilson line Y †n . At NLL′, the one-loop calculation of the soft
function comes with the tree-level hard function, so there is a single parton moving in the
n¯ direction, resulting in Yn¯. At higher orders, real emissions in the hard function (outside
the jet) will result in additional Wilson lines [50, 51], see also ref. [52]. This complicates the
non-global logarithms, but is fortunately beyond the accuracy at which we are working.
A one-loop calculation yields [8]
SGq (k⊥, µ, νR) = δ
2(k⊥)+
αsCF
2pi2
[
− 1
µ2
( ln(k2⊥/µ2)
k2⊥/µ2
)
+
+
1
µ2
1
(k2⊥/µ2)+
ln
ν2R2
4µ2
−pi
2
12
δ(~k 2⊥)
]
.
(2.23)
For SGg the Wilson lines are in the adjoint representation, instead of the fundamental
representation, and the overall normalization in the definition is modified from 1/Nc to
1/(N2c −1). The one-loop result for SGg is simply given by replacing CF → CA in eq. (2.23).
The non-global logarithms arise from soft emission patterns that simultaneously probe
the jet and out-of-jet region [42]. Since we consider R  1, the NGLs are the same as in
the hemisphere case [53]. Indeed, a direct calculation of the leading contribution at order
α2s gives rise to
−α
2
sCACi
24pi
1
(pTR)2
( ln(k2⊥/(pTR)2)
k2⊥/(pTR)2
)
+
, (2.24)
where the hard scale pTR arises from the emission outside the jet, and the color factor
Ci = CF for quarks and CA for gluons. The integral in eq. (2.8) with the tree-level
collinear function in eq. (3.2), leads to∫
d2k⊥Θ(k⊥ < pT r)×−α
2
sCACi
24pi
1
(pTR)2
( ln(k2⊥/(pTR)2)
k2⊥/(pTR)2
)
+
= −α
2
sCACi
12
ln2
(R
r
)
.
(2.25)
We obtain the same result if we had directly taken the NGL at order α2s of the hemisphere
case [42], with R/r as the argument of the logarithm.
Beyond order α2s, we should write the NGLs in terms of plus distributions of k⊥/(pTR),
and convolve these with the global soft function and the collinear function. However, at
NLL′ only the leading NGLs are required, and we may directly take the NGLs of the hemi-
sphere case with the ratio R/r as the argument of the logarithm, which is significantly
simpler. This is justified because both the NGLs and the rapidity resummation are single
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Figure 3. The non-global contribution to the soft function in eq. (2.26) for quark jets (blue) and
gluon jets (green) with R=0.6 at pT = 60 GeV. Shown are the results up to two-loop (dotted),
three-loop (dashed) and five-loop order (solid).
logarithmic series of plus distributions in transverse momentum. All subtleties from convo-
lutions of plus distributions in transverse momentum are subleading, i.e. whether we first
convolve these single logarithmic series with each other, and then integrate them against
the tree-level collinear function that sets the upperbound k⊥ = pT r, or directly integrate
each of them up to k⊥ = pT r, is the same to the accuracy that we are working.
The leading NGLs in the hemisphere case are described by a universal function, where
in our case the argument of the logarithm is R/r. We will work in the large Nc approxima-
tion (the leading NGLs without this approximation have been studied in ref. [54]). Rather
than using the fit of ref. [42], we employ the solution to the BMS equation [55] up to
five-loop order [56],
SNGq (L̂) = 1−
pi2
24
L̂2 +
ζ3
12
L̂3 +
pi4
34560
L̂4 +
(
− pi
2ζ3
360
+
17ζ5
480
)
L̂5 +O(L6) , (2.26)
where
L̂ =
αsNc
pi
ln
R
r
. (2.27)
The advantage of using this result is that it allows us to test the perturbative convergence,
which is excellent for the range of r/R we are interested in. Specifically, there is a small
difference from including the cubic term in eq. (2.26), but the effect of subsequent terms is
not visible, as is clear from fig. 3. This figure also shows that the effect of the non-global
contribution to the soft function is limited to rather small values of r. For the gluon case
we have SNGg = (S
NG
q )
2, which follows from rewriting the adjoint Wilson line in terms of a
fundamental and anti-fundamental Wilson line.7
7Alternatively, one can use non-abelian exponentation, and note that the webs only differ by a factor
CF vs. CA, implying lnS
NG
g = (CA/CF ) lnS
NG
q = ln(S
NG
q )
2, in the large NC approximation. We thank
D. Neill for discussions on this.
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3 Collinear function including recoil
The definition of the collinear function is similar to eq. (2.2), and is given by the following
expression for the quark case,
Cq(zr, pT r, k⊥, µ, ν) (3.1)
= 16pi3
∑
X
1
2Nc
Tr
[ n¯/
2
〈0|δ(2pT−n¯ · P)δ2(P⊥−k⊥)χn(0)|X〉〈X|χ¯n(0)|0〉
]
δ
(
zr − pT (jr)
pT
)
.
As before, we take the jet rapidity η equal to zero, since the measurement is invariant
under boosts along the beam axis. In contrast to eq. (2.2), all this collinear radiation is
inside the jet, so there is no sum over jets in X or measurement of z. The recoil due to soft
radiation is accounted for through the δ2(P⊥ − k⊥). At tree level, the collinear function is
given by
Cd(zr, pT r, k⊥, µ, ν) = δ(1− zr) Θ(k⊥ < pT r) , (3.2)
for both quarks (d = q) and gluons (d = g). This simply states that as long as the recoil
is not too large (k⊥ < pT r), the parton is inside the cone of radius r around the jet axis,
and zr = 1.
In this section we calculate the collinear function at order αs, which involves the
collinear splitting of an initial quark or gluon into two partons. We give the collinear
phase-space and matrix elements in sec. 3.1, and the geometry of the setup is described
in sec. 3.2. The resulting integrals are performed in detail for the quark case in sec. 3.3,
and results for the gluon case are presented in sec. 3.4. We verify in app. C that our result
satisfies the rapidity renormalization group equation.
3.1 Collinear phase-space and matrix elements
Due to the recoil of the soft radiation, the jet axis is not aligned with the initial parton,
requiring us to take the azimuthal dependence into account in the phase-space integration
of the collinear-matrix elements,∫
dΦ2σ
c
2,q =
αs
2pi2
(eγEµ2)
Γ(1− )
∫ 2pi
0
dφ
∫ 1
0
dx Pˆqq(x)
∫
dq⊥
q1+2⊥
,∫
dΦ2σ
c
2,g =
αs
2pi2
(eγEµ2)
Γ(1− )
∫ 2pi
0
dφ
∫ 1
0
dx
[
nf Pˆqg(x) +
1
2
Pˆgg(x)
] ∫
dq⊥
q1+2⊥
. (3.3)
Here dΦ2 denotes the two-body collinear phase-space integration and σ
c
2,q is the collinear
matrix element squared. The two partons have transverse momentum q⊥ with respect to
the initial parton and carry a fraction z and 1 − z of its longitudinal momentum, whose
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<latexit sha1_base64="jzg5prDUYl7kdjhcxk8LR d6xJjE=">AAAB63icdVDLSgNBEOyNrxhfUY96GAyCp2XWRBJvQS8eEzAPSJYwO5lNhsw+mJkVwpJf8OJBEa/ +g9/hzZuf4myioKIFDUVVN91dXiy40hi/Wbml5ZXVtfx6YWNza3unuLvXVlEiKWvRSESy6xHFBA9ZS3MtWDe WjASeYB1vcpn5nRsmFY/Caz2NmRuQUch9TonOpH485oNiCdu1MsZOBWG7XK5U8bkh+KxWq5SRY+M5SvXDl+Y 7ADQGxdf+MKJJwEJNBVGq5+BYuymRmlPBZoV+olhM6ISMWM/QkARMuen81hk6NsoQ+ZE0FWo0V79PpCRQahp4 pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyE4F0hLLH0ZBLRrWYGkKo5OZWRMdEEqpNPAUTwten6H/SPrUdbDtN k8YFLJCHAziCE3CgCnW4gga0gMIYbuEeHqzAurMeradFa876nNmHH7CePwCHIJDG</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/ b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+ h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWk nERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP 99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx 6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKt hk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/ b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+ h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWk nERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP 99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx 6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKt hk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="U4aMaw6G5Y8BZ5gg1sWV9 SMIbyc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm6la63ohePFawttEvJptluaJJdkqxQSv+CFw+KePU PefPfmG0rqOiDgcd7M8zMizLOtEHowymtrK6tb5Q3K1vbO7t71f2DO53mitA2SXmquhHWlDNJ24YZTruZolh EnHai8VXhd+6p0iyVt2aS0VDgkWQxI9gUUj9L2KBaQ27gI+TVIXJ9v95AF5ag8yCo+9Bz0Rw1sERrUH3vD1O SCyoN4VjrnocyE06xMoxwOqv0c00zTMZ4RHuWSiyoDqfzW2fwxCpDGKfKljRwrn6fmGKh9UREtlNgk+jfXiH+ 5fVyEwfhlMksN1SSxaI459CksHgcDpmixPCJJZgoZm+FJMEKE2PjqdgQvj6F/5O7M9dDrneDas3LZRxlcASO wSnwQAM0wTVogTYgIAEP4Ak8O8J5dF6c10VryVnOHIIfcN4+AXcmjoE=</latexit>
 2
<latexit sha1_base64="/lvEsnpXidDd2uqnmXHzq RuTsb0=">AAAB7nicdVDLSgNBEOyNrxhfUY96GAyCp2V2MSa5Bb14TMCYQLKE2clsMmT2wcysEJZ8hBcPinj 1E/wOb978FCeJgooWNBRV3XR3+YngSmP8ZuWWlldW1/LrhY3Nre2d4u7etYpTSVmLxiKWHZ8oJnjEWpprwTq JZCT0BWv744uZ375hUvE4utKThHkhGUY84JRoI7V7PtOk7/aLJWy7tXIZ1xC2HfesVsOGnDrYrVaQY+M5SvX Dl+Y7ADT6xdfeIKZpyCJNBVGq6+BEexmRmlPBpoVeqlhC6JgMWdfQiIRMedn83Ck6NsoABbE0FWk0V79PZCRU ahL6pjMkeqR+ezPxL6+b6qDqZTxKUs0iulgUpALpGM1+RwMuGdViYgihkptbER0RSag2CRVMCF+fov/JtWs7 JqKmSeMcFsjDARzBCThQgTpcQgNaQGEMt3APD1Zi3VmP1tOiNWd9zuzDD1jPH28Ykdk=</latexit><latexit sha1_base64="T3VOV0A5V/YQykqx1CRXE ThfWXI=">AAAB7nicdVDLSgMxFM3UV62vqktFgkVwNWQGa9td0Y3LFuwD2qFk0kwbmskMSUYoQ5d+gBsXirj 1E/od7vwGf8K0VVDRAxcO59zLvff4MWdKI/RmZZaWV1bXsuu5jc2t7Z387l5TRYkktEEiHsm2jxXlTNCGZpr TdiwpDn1OW/7ocua3bqhULBLXehxTL8QDwQJGsDZSq+tTjXtuL19AtlspFlEFIttxzysVZMiZg9xyCTo2mqN QPZzW32+PprVe/rXbj0gSUqEJx0p1HBRrL8VSM8LpJNdNFI0xGeEB7RgqcEiVl87PncATo/RhEElTQsO5+n0i xaFS49A3nSHWQ/Xbm4l/eZ1EB2UvZSJONBVksShIONQRnP0O+0xSovnYEEwkM7dCMsQSE20SypkQvj6F/5Om azsmorpJ4wIskAUH4BicAgeUQBVcgRpoAAJG4A48gEcrtu6tJ+t50ZqxPmf2wQ9YLx9NXZM/</latexit><latexit sha1_base64="T3VOV0A5V/YQykqx1CRXE ThfWXI=">AAAB7nicdVDLSgMxFM3UV62vqktFgkVwNWQGa9td0Y3LFuwD2qFk0kwbmskMSUYoQ5d+gBsXirj 1E/od7vwGf8K0VVDRAxcO59zLvff4MWdKI/RmZZaWV1bXsuu5jc2t7Z387l5TRYkktEEiHsm2jxXlTNCGZpr TdiwpDn1OW/7ocua3bqhULBLXehxTL8QDwQJGsDZSq+tTjXtuL19AtlspFlEFIttxzysVZMiZg9xyCTo2mqN QPZzW32+PprVe/rXbj0gSUqEJx0p1HBRrL8VSM8LpJNdNFI0xGeEB7RgqcEiVl87PncATo/RhEElTQsO5+n0i xaFS49A3nSHWQ/Xbm4l/eZ1EB2UvZSJONBVksShIONQRnP0O+0xSovnYEEwkM7dCMsQSE20SypkQvj6F/5Om azsmorpJ4wIskAUH4BicAgeUQBVcgRpoAAJG4A48gEcrtu6tJ+t50ZqxPmf2wQ9YLx9NXZM/</latexit><latexit sha1_base64="WSm2aSXqXWTqItwqQTywT MCOeWY=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4GnoGYzK3oBePEcwCyRB6Oj1Jk56F7hohDPkILx4U8er 3ePNv7CyCij4oeLxXRVW9IJVCAyEfVmFtfWNzq7hd2tnd2z8oHx61dZIpxlsskYnqBlRzKWLeAgGSd1PFaRR I3gkm13O/c8+VFkl8B9OU+xEdxSIUjIKROv2AAx24g3KF2K5XrRIPE9txLz2PGHLhELdew45NFqigFZqD8nt /mLAs4jEwSbXuOSQFP6cKBJN8VupnmqeUTeiI9wyNacS1ny/OneEzowxxmChTMeCF+n0ip5HW0ygwnRGFsf7t zcW/vF4GYd3PRZxmwGO2XBRmEkOC57/joVCcgZwaQpkS5lbMxlRRBiahkgnh61P8P2m7tmMiuiWVxtUqjiI6 QafoHDmohhroBjVRCzE0QQ/oCT1bqfVovVivy9aCtZo5Rj9gvX0CXx6PlA==</latexit>
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<latexit sha1_base64="+ZnsgGz4N2tFX4Mrs/Rti CtRfAo=">AAAB7nicdVDLSgNBEOyNrxhfUY96GAyCp2U2CW5yC3rxmIB5QLKE2ckkGTL7YGZWCEs+wosHRbz 6CX6HN29+ipNEQUULGoqqbrq7/FhwpTF+szIrq2vrG9nN3Nb2zu5efv+gpaJEUtakkYhkxyeKCR6ypuZasE4 sGQl8wdr+5HLut2+YVDwKr/U0Zl5ARiEfckq0kdo9n2nSd/r5ArZxyT3HZYTtEq44xaohLsZuuYocGy9QqB2 /NN4BoN7Pv/YGEU0CFmoqiFJdB8faS4nUnAo2y/USxWJCJ2TEuoaGJGDKSxfnztCpUQZoGElToUYL9ftESgKl poFvOgOix+q3Nxf/8rqJHla8lIdxollIl4uGiUA6QvPf0YBLRrWYGkKo5OZWRMdEEqpNQjkTwten6H/SKtoO tp2GSeMClsjCEZzAGTjgQg2uoA5NoDCBW7iHByu27qxH62nZmrE+Zw7hB6znD2AFkc8=</latexit><latexit sha1_base64="IGTBtk1rD3zdqOD9d1Kag xNaolA=">AAAB7nicdVDLSgMxFM34rPVVdalIsAiuhkxbnHZXdOOyBfuAdiiZNNOGZjJDkhHK0KUf4MaFIm7 9hH6HO7/BnzBtFVT0wIXDOfdy7z1+zJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+pokQS2iARj2Tbx4pyJmhDM81 pO5YUhz6nLX90OfNbN1QqFolrPY6pF+KBYAEjWBup1fWpxj2nl8sjGxXdc1SCyC6islOoGOIi5JYq0LHRHPn q0bT+fns8rfVyr91+RJKQCk04VqrjoFh7KZaaEU4n2W6iaIzJCA9ox1CBQ6q8dH7uBJ4apQ+DSJoSGs7V7xMp DpUah77pDLEeqt/eTPzL6yQ6KHspE3GiqSCLRUHCoY7g7HfYZ5ISzceGYCKZuRWSIZaYaJNQ1oTw9Sn8nzQL toNsp27SuAALZMAhOAFnwAEuqIIrUAMNQMAI3IEH8GjF1r31ZD0vWpesz5kD8APWywc+SpM1</latexit><latexit sha1_base64="IGTBtk1rD3zdqOD9d1Kag xNaolA=">AAAB7nicdVDLSgMxFM34rPVVdalIsAiuhkxbnHZXdOOyBfuAdiiZNNOGZjJDkhHK0KUf4MaFIm7 9hH6HO7/BnzBtFVT0wIXDOfdy7z1+zJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+pokQS2iARj2Tbx4pyJmhDM81 pO5YUhz6nLX90OfNbN1QqFolrPY6pF+KBYAEjWBup1fWpxj2nl8sjGxXdc1SCyC6islOoGOIi5JYq0LHRHPn q0bT+fns8rfVyr91+RJKQCk04VqrjoFh7KZaaEU4n2W6iaIzJCA9ox1CBQ6q8dH7uBJ4apQ+DSJoSGs7V7xMp DpUah77pDLEeqt/eTPzL6yQ6KHspE3GiqSCLRUHCoY7g7HfYZ5ISzceGYCKZuRWSIZaYaJNQ1oTw9Sn8nzQL toNsp27SuAALZMAhOAFnwAEuqIIrUAMNQMAI3IEH8GjF1r31ZD0vWpesz5kD8APWywc+SpM1</latexit><latexit sha1_base64="jeGRvhPJ+9/u6oVJ0/Ezy fOyA8U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LbNJcJNb0IvHCOYByRJmJ7PJkNnZZWZWCCEf4cWDIl7 9Hm/+jZOHoKIFDUVVN91dYSq4Nhh/OGvrG5tb27md/O7e/sFh4ei4pZNMUdakiUhUJySaCS5Z03AjWCdVjMS hYO1wfD332/dMaZ7IOzNJWRCToeQRp8RYqd0LmSF9r18oYheX/UtcQdgt46pXqlniY+xXashz8QJFWKHRL7z 3BgnNYiYNFUTrrodTE0yJMpwKNsv3Ms1SQsdkyLqWShIzHUwX587QuVUGKEqULWnQQv0+MSWx1pM4tJ0xMSP9 25uLf3ndzETVYMplmhkm6XJRlAlkEjT/HQ24YtSIiSWEKm5vRXREFKHGJpS3IXx9iv4nrZLrYde7xcX61SqO HJzCGVyABz7U4QYa0AQKY3iAJ3h2UufReXFel61rzmrmBH7AefsEUAuPig==</latexit>
Jet axis
✓
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Figure 4. Projection of the central subjet of radius r onto a plane perpendicular to the jet axis.
θ is the displacement due to recoil and is here assumed to be less than r. In the left panel a
splitting is shown. In the right panel βmaxi is shown, which is the upper bound on βi such that the
corresponding parton lies inside the central subjet.
distribution is described by the splitting functions8
Pˆqq(x) = CF
[1 + x2
1− x − (1− x)
]
,
Pˆqg(x) = TF
[
1− 2x(1− x) + 2 x(1− x)
]
,
Pˆgg(x) = 2CA
[ x
1− x +
1− x
x
+ x(1− x)
]
. (3.4)
We will make frequent use of the angles of the partons with respect to the initial parton,
β1 =
q⊥
xpT
, β2 =
q⊥
(1− x)pT (3.5)
where pT is the transverse momentum of the jet.
3.2 Geometry of the measurement
We now describe the geometry of the setup, starting with the case where the initial parton
is inside the central subjet. Projecting the jet onto a plane perpendicular to the jet axis, as
shown in the left panel of fig. 4, we can treat the polar angles as distances since r  1. The
central subjet corresponds to a circle of radius r, and the recoil due to the total transverse
momentum k⊥ of soft radiation in the jet corresponds to a displacement of the initial
collinear parton by a distance θ = k⊥/pT . The angles βi also correspond to distances,
though the azimuthal angle φ remains a true angle.
The condition for each of the partons produced by the splitting to be inside the central
subjet is βi ≤ βmax1 , displayed in the right panel of fig. 4. Some trigonometry yields
βmax1,2 = r
√
1 +
θ2
r2
− 2θ
r
(
± cosφ
√
1− θ
2
r2
sin2 φ+
θ
r
sin2 φ
)
, (3.6)
8We introduce a hat to avoid potential confusion with the splitting functions given in eq. (2.6).
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Figure 5. Geometry of the central subjet when the recoil θ is larger than the radius r. In the left
panel the minimum and maximum values of β2 are shown such that this parton is inside the central
subjet. The right panel depicts the maximum value of φ.
The case θ > r, where the initial parton is outside of the jet, requires the setup depicted
in fig. 5. Here only one parton produced in the splitting can be inside the central subjet,
and there is a minimum and maximum value for βi. For parton 2,
βmin,max2 = θ
[
cosφ∓
√
r2
θ2
− sin2 φ
]
, (3.7)
and the expressions for βmin,max1 can be obtained by substituting φ → φ + pi. These
expressions are not valid for all φ, breaking down when the square root becomes imaginary.
The maximum φ is shown in the right panel of fig. 5, and leads to the following boundaries
parton 1: pi − φmax < φ < pi + φmax , φmax = arcsin
(r
θ
)
parton 2: −φmax < φ < φmax . (3.8)
3.3 Integrals for the quark collinear function
We now present the calculation of the collinear function for an initiating quark, separating
the two cases:
C(1)q (zr, pT r, k⊥, µ, ν) = Θ(k⊥ < pT r)C
(θ<r)
q + Θ(k⊥ > pT r)C
(θ>r)
q . (3.9)
In the first case
C(θ<r)q = (A)θ<r + (B)θ<r + (C)θ<r ,
(A)θ<r = δ(1− zr)
∫
dΦ2 σ
c
2,q Θ(β1 < β
max
1 )Θ(β2 < β
max
2 ) ,
(B)θ<r =
∫
dΦ2 σ
c
2,q δ(x− zr) Θ(β1 < βmax1 )Θ(β2 > βmax2 ) ,
(C)θ<r =
∫
dΦ2 σ
c
2,q δ(1− x− zr) Θ(β1 > βmax1 )Θ(β2 < βmax2 ), (3.10)
– 15 –
where (A) refers to the case when both partons end up inside the subjet, (B) when only
parton 1 (quark) ends up inside and (C) when only parton 2 (gluon) does (using the same
labels as in ref. [8]). In the second case only one parton can be inside the subjet, and
C(θ>r)q = (B)θ>r + (C)θ>r ,
(B)θ>r =
∫
dΦ2 σ
c
2,q δ(x− zr) Θ(pi − φmax < φ < pi + φmax) Θ(βmin1 < β1 < βmax1 ) ,
(C)θ>r =
∫
dΦ2 σ
c
2,q δ(1− x− zr) Θ(−φmax < φ < φmax) Θ(βmin2 < β2 < βmax2 ) . (3.11)
The contribution where neither parton is inside is irrelevant, since then zr = 0.
We now set out to calculate these integrals. For (A)θ<r we use eq. (3.5) to rewrite the
x integral and Θ functions∫ 1
0
dxΘ(β1 < β
max
1 )Θ(β2 < β
max
2 ) =
∫ 1
0
dxΘ(q⊥ < xpTβmax1 ) Θ(q⊥ < (1− x)pTβmax2 )
=
∫ β˜
0
dxΘ(q⊥ < xpTβmax1 )
+
∫ 1
β˜
dxΘ(q⊥ < (1− x)pTβmax2 ), (3.12)
where β˜ with 0 < β˜ < 1 is given by
β˜ =
βmax2
βmax1 + β
max
2
. (3.13)
Inserting this in eq. (3.10), and performing the x and q⊥ integrals, we obtain
(A)θ<r =
αsCF
2pi2
δ(1− zr)
∫ 2pi
0
dφ
{
1
22
+
1

(L2
2
+
3
4
)
+
L22
4
+
3L2
4
− ln2(1− β˜)
+ 2 ln β˜ ln(1− β˜)− 3
2
ln(1− β˜) + 2Li2
(
1− β˜)− β˜
2
+ 2− 3pi
2
8
}
, (3.14)
in terms of Li defined as
Li = ln
(
µ2
p2T (β
max
i )
2
)
. (3.15)
We cannot perform the integral over φ analytically, as it involves the rather complicated
expression in eq. (3.6). However, this is not a problem as we have already isolated the
divergences.
The calculation of (B)θ<r involves rapidity divergences, which we regulate using the η
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regulator, resulting in
(B)θ<r =
αsCF
2pi2
eγE
Γ(1− ) µ
2
∫ 2pi
0
dφ
∫ 1
β˜
dx δ(x− zr)
[1 + x2
1− x − (1− x)
][ ν
2(1− x)pT
]η
×
∫ xpT βmax1
(1−x)pT βmax2
dq⊥
q1+2⊥
=
αsCF
2pi2
∫ 2pi
0
dφ
{
δ(1− zr)
[
1
η
(1

+ L1
)
− 1
22
+
1

(
Lν − L2
2
)
+ LνL1 − L
2
2
4
+
pi2
24
]
+ Θ
(
zr > β˜
)[− (1 + z2r )( ln(1−zr)1− zr
)
+
− ln
(
β˜
1− β˜
)
1 + z2r
(1− zr)+
+
(1 + z2r ) ln zr
1− zr
]}
.
(3.16)
where Lν is defined as
Lν = ln
ν
2pT
. (3.17)
Performing a similar calculation for (C)θ<r we obtain
(C)θ<r =
αs
2pi2
∫ 2pi
0
dφΘ
(
zr > 1− β˜
){
Pgq(zr)
[
ln
(
zr
1− zr
)
+ ln
(
β˜
1− β˜
)]}
. (3.18)
Note that the factor CF is inside the Pgq splitting function, which was defined in eq. (2.6).
Moving on to the case θ > r, we also have to regulate rapidity divegences for (B)θ>r,
(B)θ>r =
αsCF
2pi2
eγE
Γ(1− ) µ
2
∫ pi+φmax
pi−φmax
dφ
∫ 1
0
dx δ(x− zr)
[1 + x2
1− x − (1− x)
]( ν
2(1− x)pT
)η
×
∫ xpT βmax1
xpT β
min
1
dq⊥
q1+2⊥
=
αsCF
2pi2
[
δ(1− zr)
(2
η
+ 2Lν
)
− 1 + z
2
r
(1− zr)+
] ∫ φmax
−φmax
dφ ln
(
βmin2
βmax2
)
(3.19)
Note that we changed the φ integration region, which is why the final expression involves
βmin,max2 rather than β
min,max
1 . An analogous computation for (C)θ>r yields
(C)θ>r = − αs
2pi2
Pgq(zr)
∫ φmax
−φmax
dφ ln
(
βmin2
βmax2
)
. (3.20)
Adding up all the contributions,
C(θ<r)q =
αsCF
2pi2
∫ 2pi
0
dφ
{
δ(1− zr)
[
1
η
(1

+ L1
)
+
1

(
Lν +
3
4
)
+ LνL1 +
3L1
4
(3.21)
− ln2(1− β˜) + 2 ln β˜ ln(1− β˜)− 3
2
ln β˜ + 2Li2(1− β˜)− β˜
2
− pi
2
3
+ 2
]
+ Θ(zr > β˜)
[
−(1 + z2r )
(
ln(1− zr)
1− zr
)
+
+ ln
(
zr(1− β˜)
β˜
)
1 + z2r
(1− zr)+
]
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Figure 6. The linear zr moment of the collinear function for quark jets (left) and gluon jets (right)
at tree level (blue) and including one-loop corrections (red dashed), evaluated at the scales µ = pT r
and ν = pT .
+ Θ(zr > 1− β˜)
[
1 + (1− zr)2
zr
ln
(
zrβ˜
(1− zr)(1− β˜)
)]}
,
C(θ>r)q =
αsCF
2pi2
[
δ(1− zr)
(2
η
+ 2Lν
)
− 1 + z
2
r
(1− zr)+
− 1 + (1− zr)
2
zr
] ∫ φmax
−φmax
dφ ln
(
βmin2
βmax2
)
,
For the jet shape we only need the linear zr moment (
∫
dzr zr) of the collinear function,
which we plot for quark jets in the left panel of fig. 6. The result depends on k⊥/(pT r),
shown on the horizontal axis, and on pT r, through the scale in αs. First we note that
the one-loop corrections are of order 10%, as is typical. At tree level there is a single
collinear particle that is simply inside the jet if the recoil due to soft radiation is not too
large, k⊥ < pT r. One-loop corrections allow for nonzero values of the collinear function for
larger values of k⊥. That the collinear function attains a negative value is not a concern,
since it does not correspond to a physical quantity (indeed, this depends on our choice of
µ and ν-scales). We also note that the divergence at k⊥ = pT r from one-loop corrections
is integrable.
3.4 Gluon collinear function
The calculation of the collinear function for gluons follows very similar steps. Splitting the
calculation into the θ < r and θ > r contribution, we obtain
C(θ<r)g =
αs
2pi2
∫ 2pi
0
dφ
(
δ(1− zr)
{
CA
[
1
η
(1

+
L1
4
+
L2
4
)
+
1

(
Lν +
11
12
)
+
(Lν
2
+
11
24
)
(L1 + L2)− 1
2
ln2
1− β˜
β˜
− 11
12
ln
(
β˜(1− β˜))+ 1
6
β˜(1− β˜)
− pi
2
6
+
67
36
]
+ nfTF
[
− 1
3
− 1
6
(L1 + L2) +
1
3
ln
(
β˜(1− β˜))− 1
3
β˜(1− β˜)− 5
9
]}
+ Θ(zr > β˜)
{
− CA (1−zr+z
2
r )
2
zr
(
ln(1−zr)
1− zr
)
+
+ CA
(1−zr+z2r )2
zr(1− zr)+ ln
(
zr(1− β˜)
β˜
)
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+ nfTF (z
2
r + (1− zr)2) ln
(
zr(1−β˜)
(1− zr)β˜
)})
,
C(θ>r)g =
αs
2pi2
{
2CA
[
δ(1− zr)
(1
η
+ Lν
)
− (1− zr + z
2
r )
2
zr(1− zr)+
]
− 2nfTF (z2r + (1− zr)2)
}∫ φmax
−φmax
dφ ln
(
βmin2
βmax2
)
. (3.22)
The linear moment of the gluon collinear function is shown in the right panel of fig. 6. Its
features are similar to that for quark jets (left panel), except that the one-loop corrections
are larger due to the larger color factor (CA vs. CF ).
4 Implementation and first results
This section describes how we implement our formulae to obtain numerical predictions. In
sec. 4.1 our central scale choice is discussed. We then describe how we match our formulae
for r  R and r . R in sec. 4.2. The scale variations used to assess the perturbative un-
certainty are given in sec. 4.3. We conclude in sec. 4.4 with some first, purely perturbative,
results for the jet shape for quark and gluons jets.
4.1 Central scale choice
We start by discussing the scales for the regime r . R, described by the factorization in
eq. (2.1). We take
µH = pT , µG = pTR , (4.1)
as our central scale choice. In the regime r  R, G is refactorized in terms of hard, collinear
and soft functions, see eq. (2.8). We will take as their central scales
µH = pT , µH = pTR , µC = pT r , µS = pT r ,
νC = pT , νS =
1
b⊥R
. (4.2)
We deviate from eq. (2.9) by expressing νS in terms of b⊥, which is the Fourier conjugate
variable of k⊥ (not pT ). Since collinear and soft modes contribute to k⊥, one expects
that parametrically pT r ∼ k⊥ ∼ 1/b⊥. However, expressing νS in terms of b⊥ avoids a
well-known problem with choosing scales in momentum space for transverse momentum
resummation [57] (see also refs. [58, 59]). Often one also chooses µC and µS in term of
b⊥, but this is not required here. In particular, our choice in eq. (4.2) ensures that the
µ-evolution from µH down to µC = µS is essentially the same as in the jet shape calculation
in ref. [45].
4.2 Matching predictions for r  R and r . R
A common approach to matching different regimes in SCET is to use profile scales [60,
61], that would smoothly interpolate between eqs. (4.1) and (4.2). Unfortunately, it is
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challenging to simultaneously obtain good predictions for the integrated and differential
jet shape in this way. By choosing scales for ψ(r), i.e. for the cross section integrated
up to r in terms of the upper bound of this integration, one automatically ensures that
ψ(R) = 1, since the scales in eq. (4.1) will be used when r = R. However, the corresponding
differential jet shape ρ(r) tends to have artifacts, since the scales depend on r and their
derivatives enter through the chain rule. Conversely, choosing scales directly for ρ(r),
i.e. for the cross section differential in r, avoids these artifacts. However, the resulting jet
shape is generically no longer normalized, i.e. integrating ρ(r) no longer gives ψ(R) = 1,
because the scales in the integrand are not equal to eq. (4.1) but depend on the integration
variable r. A solution to this problem has been proposed in ref. [62], but is not easy to
implement.
Rather than using profile scales to interpolate between r  R and r . R, we will
directly interpolate between them:
ψ(r) =
[
1− g
( r
R
)]
ψrR(r) + g
( r
R
)
ψr.R(r) , (4.3)
which was inspired by ref. [63]. Here ψrR and ψr.R correspond to eqs. (2.16) and (2.15),
respectively. The function g(r) is zero for r  R and one for r close to R, smoothly inter-
polating between the two cases. We implement this using the following double-quadratic
function
g(x) =

0 x ≤ x1
(x−x1)2
(x2−x1)(x3−x1) x1 ≤ x ≤ x2
1− (x−x3)2(x3−x1)(x3−x2) x2 ≤ x ≤ x3
1 x3 ≤ x .
(4.4)
An advantage of this method over the use of profile scales is that we can determine ψrR
and ψr.R once and for all before creating the interpolation. In addition, it makes it possible
to match LL resummation of r/R to the NLO result in the region where r ∼ R. (Normally
this breaks down because the single logarithmic term αs ln(r/R) in the NLO result is not
resummed at LL accuracy.)
To determine the transition points xi in eq. (4.4), we assess the numerical size of the
corrections to the factorization of ψrR at O(αs), shown in fig. 7. The solid red curve shows
the differential jet shape, the blue dashed curve shows its singular contribution obtained
from the factorization in eq. (2.16), and the green dotted curve is the difference (often
called the nonsingular), all at O(αs). It is essential that the resummation of logarithms
of r/R is turned off before we enter the region where the singular is no longer a good
approximation to the full jet shape, leading us to choose
x1 = 0.15 , x2 = (x1 + x3)/2 , x3 = 0.38. (4.5)
Specifically, x1 corresponds roughly to the point where the nonsingular is 10% of the cross
section, and x3 is chosen close to the point where the singular and nonsingular are equal
in size. These points are somewhat arbitrarily chosen, and will be varied as part of the
uncertainty estimate.
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Figure 7. The differential jet shape at order αs for quark jets (left) and gluon jets (right) at
pT = 600 GeV and R = 0.6. Shown are ρr.R (red solid), decomposed in its singular ρrR (blue
dashed) and nonsingular (green dotted) contribution that correspond to the power corrections in
eq. (2.16).
4.3 Scale variations and perturbative uncertainties
For our uncertainty estimate, we take the envelope of the following variations
1. Vary all scales in eq. (4.2) simultaneously up and down by a factor of 2.
2. Vary µH and µH simultaneously up and down by a factor of 2.
3. Vary µC and µS simultaneously up and down by a factor of 2.
4. Vary νC up and down by a factor of 2.
5. Vary νS up and down by a factor of 2.
6. Vary the transition point x3 between 0.33 to 0.48.
We can interpret the first as a fixed-order uncertainty, since it only changes the overall scales
and not the ratios between them, which are the logarithms that are being resummed. The
second and third variation probe the µ resummation, since they vary the hierarchy between
µH and µC = µS , and similarly the fourth and fifth probe the rapidity resummation.
While the evolution kernels are very similar for the variations in 2 and 3, the scales of
different fixed-order ingredients are probed: The change in the evolution kernel is (partially)
cancelled by a corresponding change in H for variation 2 and by C ⊗ S for variation 3, so
they are not redundant. The same is true for variations 4 and 5. Variation 6 probes the
uncertainty from our interpolation between the resummation and fixed-order region. We
also explored the dependence on the transition point x1, but it has a small effect and thus
would not impact the total uncertainty.
4.4 First results for quark and gluon jets
In fig. 8 we show the integrated jet shape for quark and gluon jets with transverse momen-
tum 60 and 500 GeV, comparing LL, NLL and NLL′, all matched to NLO. We start by
noting that our resummed calculations converge, i.e. the bands overlap and are smaller at
NLL′ than at LL. As these plots show, the uncertainty bands are larger at small pT and
for gluon jets, which is not surprising since the perturbative corrections are simply larger
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Figure 8. The integrated jet shape for quark jets (left) and gluon jets (right) for pT = 60 GeV
(top) and 500 GeV (bottom) and R = 0.6. Shown are LL (blue solid curve and band), NLL (blue
dashed curve) and NLL′ (orange solid curve and band), all matched to NLO. The bands indicate
the perturbative uncertainties estimated using the procedure in sec. 4.3.
in these cases due to the size of αs and the color factor (CA vs. CF ), respectively. At LL
the bands are quite large, and they remain sizable at NLL′, even though this exceeds the
accuracy of previous jet shape calculations. We believe that this is due to our more con-
servative uncertainty estimate, described in sec. 4.3. Indeed, for gluon jets with pT = 60
GeV, the NLL′ central curve lies only just inside the LL uncertainty, warranting these large
bands. For large r all predictions overlap, since in each case we match to NLO. In this
region there are no large logarithms of r/R, so it is not surprising that the uncertainties
are small. It is hard to gauge whether their size is reasonable, since we only have one
perturbative order in this region (at LO ψ(r) is simply 1). Lastly we note that the NLL
curve is not monotonic. That this unphysical behavior arises at NLL but not LL is due
to the non-cusp anomalous dimension, whose contribution becomes equal and opposite in
size to that of the cusp anomalous dimension. At NLL′ this is remedied by the inclusion
of one-loop corrections to the ingredients in the factorization formula.
Fig. 9 illustrates the effect of the rapidity resummation and non-global logarithms on
the jet shape for quark and gluon jets, by showing the integrated and differential jet shape
with and without them. Both effects enter for the first time at NLL and were not taken
into account in previous calculations. They are clearly important for r  R, where their
size is about half that of the NLL′ uncertainty band in fig. 8, but are of course irrelevant
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Figure 9. The integrated (left) and differential (right) jet shape for quark jets (blue) and gluon
jets (green) at NLL′ with pT = 500 GeV and R = 0.6. The top row shows the result with (solid)
and without (dashed) rapidity resummation. The bottom row shows the result with (solid) and
without (dashed) non-global logarithms.
in the region where the resummation of logarithms of r/R is turned off. The effect of the
rapidity resummation is still significant in the transition region and is only turned off by the
matching to fixed order, whereas the effect of NGLs is already small before the transition.
The NGLs push the energy distribution in the jet out to larger values of r, in agreement
with the trend observed in e.g. ref. [64] for the jet mass distribution. This is clear from the
integrated jet shape, and in the differential jet shape this arises through a decrease in the
first bin (not as visible due to the logarithmic scale) and an increase in subsequent bins.
5 Nonperturbative effects
At the LHC, nonperturbative corrections to the jet shape can be large, particularly for
smaller values of the jet pT . These arise from the underlying event and hadronization
effects. In this section we will explore simple models to account for these effects in our
predictions. We will use Pythia 8.2 [46] to assess how reasonable these models are, by
applying them to parton level predictions and comparing the result to hadron level pre-
dictions, including multi-parton interactions and initial-state radiation9. When we later
9This is not a nonperturbative contribution. However, we include it, because in our approach initial-state
radiation is formally O(R2) suppressed.
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Figure 10. Jet shape in Pythia at Ecm = 7 TeV for anti-kT jets with radius R = 0.6, rapidity
|η| < 2.8 and transverse momentum pT = 30−40 GeV (left) and pT = 60−80 GeV (right). The top
row shows results at parton level (blue dotted), including initial-state radiation (green dot-dashed),
also multi-parton interactions (magenta dashed), and also hadronization (blue solid). The bottom
row repeats the blue dotted and solid curves, where the effect of ISR, MPI and hadronization are
either modeled using eq. (5.1) (green dot-dashed) or eq. (5.2) (orange dashed), and the parameter
f is fitted.
apply this model to our predictions, we will use LHC data to fit the model parameter.
In the first model, we treat these effects by simply adding a uniform energy density to
the jets. Explicitly
Model 1: ρ(r)→ 2f
1 + f
r
R2
+
1
1 + f
ρ(r) , (5.1)
where ρ(r) is the differential jet shape and the fraction f describes the size of the nonper-
turbative radiation compared to the perturbative contribution from our calculation. The
dependence on r/R is linear because it scales with the circumference of the circle of radius
r.
In the second model, the nonperturbative effects are again treated by adding energy.
However, rather than considering a uniform distribution, we will assume this additional
energy is completely localized, thus displacing the jet axis. The location (r′, φ′) of this
extra energy is then (uniformly) integrated over the jet. In terms of the differential jet
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shape ρ(r) this amounts to
Model 2: ρ(r)→ 1
pi(1 + f)2R2
∫ (1+f)R
0
dr′ r′
∫ 2pi
0
dφ′
{
f
1 + f
δ
(
r − r
′
1 + f
)
(5.2)
+
1
1+f
∫ R
0
dr′′ ρ′(r′′) δ
[
r−
(
(r′′)2+
2r′r′′f
1+f
cosφ+
(r′)2f2
(1+f)2
)1/2]}
=
2f
1 + f
r
R2
+
4r
pif2(1 + f)R2
∫ min{R,r+fR}
max{0,r−fR}
dr′′ ρ(r′′)∫ min{1,r∗+r′′∗ }
|r∗−r′′∗ |
dr′∗
r′∗√
2(r2∗ + (r′∗)2)(r′′∗)2 − (r2∗ − (r′∗)2)2 − (r′′∗)4
,
The first term in the curly brackets (on the first line) corresponds to the contribution to
the jet shape from the extra energy. Upon integration this results in the first term on
the third line, in agreement with eq. (5.1). However, the jet shape also gets smeared by
the displacement of the jet axis. Specifically, the r′′ integral in the second term integrates
over the jet shape, taking into account the displacement from the extra energy at (r′, φ′)
through the delta function. In the final expression we eliminated the φ′ integral using the
delta function, and introduced
r∗ =
r
fR
, r′∗ =
r′
(1 + f)R
, r′′∗ =
r′′
fR
(5.3)
to remove any explicit dependence on f and R in the r′ integral. Thus we can determine
this integral numerically once and for all, to obtain the kernel against which we integrate
the jet shape in the remaining r′′ integral.
In fig. 10 we show the partonic and hadronic jet shape obtained from Pythia, and in-
vestigate to what extent multiparton interactions, initial-state radiation and hadronization
effects can be described by one of the models above. The top row shows the contribution of
each of these effects, the bottom row shows a fit (of the coefficient f) to these effects using
one of the models proposed here. We find better agreement using model 2, suggesting that
these nonperturbative effects are at least fairly localized in the jet. We therefore use model
2 when we compare our results to LHC data in the next section.
6 Results for the LHC
In this section, we present comparisons of our theoretical results to data from ATLAS
and CMS. We start with the ATLAS data for the integrated and differential jet shape
of ref. [19]. Although the central values of the differential and integrated jet shape are
directly related, their uncertainties are not because of correlations, which is why we show
results for both. The inclusive jet sample pp → jet + X was obtained using the anti-kT
algorithm with R = 0.6. The jet rapidity was restricted to |η| < 2.8, and different intervals
for its transverse momentum pT in the range of 30− 600 GeV were considered. In fig. 11,
we show a comparison of our numerical results to the ATLAS data for the integrated
jet shape ψ(r) for four representative pT intervals, as indicated in the different panels.
– 25 –
Figure 11. Comparison of our theoretical calculation at NLL′ accuracy for the inclusive jet shape
ψ(r) to the data from ATLAS [19]. The inclusive anti-kT jet sample is reconstructed for a jet radius
of R = 0.6 and |η| < 2.8 measured at Ecm = 7 TeV. Four representative jet pT intervals in the
range 30 − 600 GeV are shown, as indicated in the panels. Our purely perturbative calculation
is shown (dashed blue), along with the results that include the nonperturbative effects through a
model (orange) and perturbative uncertainty band.
For all phenomenological results presented in this section, we use the CT14 NLO PDF
set of ref. [65]. We show both the purely perturbative calculation (dashed blue curve)
as well as the results after including the nonperturbative “model 2” (orange curve and
band), described in section 5. The QCD scale uncertainty is shown only for the final
result including the nonperturbative contribution, following the procedure discussed in
section 4.3. The parameter f of the nonperturbative model is determined from fitting our
central curve to the central value of the data. Its value is tabulated in table 3 for each pT
interval. At smaller values of the jet transverse momentum, the purely perturbative result
and the data disagree significantly, where the perturbative calculation predicts that there is
more radiation close to the center of the jet and less near the jet boundary. Nevertheless, we
find that the data is well described after including a nonperturbative correction. As is clear
from the plots and the table, at higher values of pT the nonperturbative correction becomes
smaller. Indeed, for the highest transverse momentum interval 500− 600 GeV we already
find a good agreement between the data and our purely perturbative calculation obtained
from the QCD factorization theorem. Because the nonperturbative model parametrizes the
effect of nonperturbative physics relative to the perturbative prediction for the jet, rather
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Figure 12. Comparison of our numerical results for the differential jet shape ρ(r) and the ATLAS
data of [19], for the same kinematics as in fig. 11.
than through some absolute energy scale, it is not surprising that approximately f ∼ 1/pT .
In fig. 12, we show our numerical results for the differential jet shape ρ(r) in comparison
to the corresponding ATLAS data for the same jet kinematics. We use the same f values
for the nonperturbative model as for the integrated jet shape. Again we observe that
a large nonperturbative correction is needed to describe the differential jet shape data
for jets with low transverse momentum. This is particularly pronounced close to the jet
boundary, where no resummation of r/R is required, and the fixed-order expressions in
eq. (2.15) clearly undershoot the data. (This was not so visible for the integrated jet
shape, since everything is close to one.) For the higher transverse momentum bins, the
ATLAS [19] pT [GeV] 30-40 60-80 110-160 500-600
Ecm = 7 TeV f 0.23 0.16 0.11 0.062
CMS [20] pT [GeV] 30-40 500-600 600-1000
Ecm = 7 TeV f 0.28 0.068 0.054
CMS [23] pT [GeV] > 100
Ecm = 2.76 TeV f 0.050
Table 3. Fitted values for the parameter f of the nonperturbative “model 2”, for the jet transverse
momentum intervals of the ATLAS [19] and CMS [20, 23] data that we show here. Note that the
jet radius R and the rapidity intervals η differ between the different data sets.
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Figure 13. Comparison of our numerical results for the differential jet shape ρ(r) to the CMS data
of ref. [20]. The jets are obtained using anti-kT withR = 0.7 and, |η| < 0.5 at Ecm = 7 TeV. We show
the result for three intervals of the jet transverse momentum in the range of pT = 30− 1000 GeV,
as labeled in the different panels.
agreement between the data and the purely perturbative results is improved and only a
smaller nonperturbative correction is needed. However, close to the jet boundary, the effect
of the nonperturbative correction remains substantial, even for the highest pT interval. We
note that for pT = 30 − 40 GeV, the nonperturbative model causes the second bin to be
higher than the first. This feature is already visible in fig. 10, both for our model 2 and
the curve for Pythia at hadron level, since the integrated jet shape is not the steepest at
r = 0.
Next, we consider the CMS data set of ref. [20] for the differential jet shape ρ(r),
which was also measured at a center-of-mass energy of Ecm = 7 TeV. The kinematics
of the reconstructed inclusive jet sample is similar to the setup from ATLAS, but now
using anti-kT with R = 0.7, |η| < 0.5 and dividing the jet transverse momentum pT into
several intervals in the range of 30 − 1000 GeV. In fig. 13 we show the comparison of our
numerical results with and without the nonperturbative contribution. We again fit the
nonperturbative parameter f of “model 2”, listing their values in table 3. These values are
consistent with those obtained for ATLAS, in the cases for which we have a corresponding
pT interval. (They do not need to be exactly the same, given the difference in jet radius
and rapidity interval.) We note again that even for the highest jet transverse momentum
interval pT = 600 − 1000 GeV a significant nonperturbative correction is needed in order
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Figure 14. Comparison of the differential jet shape ρ(r) and the CMS data of ref. [23]. The jets
are obtained using anti-kT with R = 0.3, pT > 100 GeV, 0.3 < |η| < 2 at Ecm = 2.76 TeV.
to describe the energy distribution close to the edge of the jet, r . R, as we also observed
for the ATLAS data.
Finally, we compare to the differential jet shape measurement of CMS in ref. [23]. This
data set was taken at
√
s = 2.76 TeV as a baseline measurement for a heavy-ion analysis.
The jets were reconstructed with pT > 100 GeV and 0.3 < |η| < 2 using the anti-kT
algorithm with R = 0.3. Analogous to the two data sets discussed above, the jet shape data
is separated into six bins with a distance in r of 0.05. An additional cut of pT i > 1 GeV was
imposed on the transverse momentum of each particle in the jet, and only charged particles
are used to determine the jet shape even though full jets are reconstructed. Furthermore,
the jet pT was smeared to account for the difference of the jet energy resolution between
proton-proton and heavy-ion collisions. This should be kept in mind when comparing to
our calculation, since we do not include these effects. Nevertheless, we find good agreement
as shown in fig. 14. The edge of the jet is still dominated by nonperturbative physics for
R = 0.3. However, the data is closer to the purely perturbative result compared to the jet
shape for a similar pT interval in fig. 12 for R = 0.6 jets. Indeed, the fitted value of the
nonperturbative parameter f , see table 3, is about half of that for the pT interval 110-160
GeV in the ATLAS data. This is not surprising, given the lower center-of-mass energy and
the smaller jet radius. In general, we conclude that our numerical results agree well with
the data, once the nonperturbative correction is taken into account.
7 Conclusions
In this paper we calculate the jet shape at next-to-leading logarithmic accuracy (NLL′).
Specifically, we account for the single logarithms of the jet radius R and the double log-
arithms of r/R at next-to-leading logarithmic order, and match to next-to-leading order.
To achieve this accuracy, the recoil of soft radiation on the jet axis must be included when
r  R. This involves the one-loop calculation of a recoil-sensitive collinear function and
rapidity logarithms, that we resum using the rapidity renormalization group, as well as
non-global logarithms from in vs. out-of-jet soft radiation. Our calculation constitutes
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the first extension of this classic jet substructure observable beyond leading logarithmic
accuracy.
The inclusion of higher-order corrections significantly reduces the uncertainty of the
perturbative predictions. However, we also find that the effect of nonperturbative contri-
butions are substantial at the LHC, in particular for low jet transverse momenta and close
to the edge of the jet. To enable a comparison to the available data from ATLAS and CMS,
we explored two one-parameter models, choosing the model that best captures these effects
in Pythia. Including this, we find good agreement between our predictions and LHC data.
One interesting future direction is to obtain predictions that can be compared to LEP and
HERA data, where these nonperturbative effects should be substantially smaller. On the
other hand, for the LHC it is natural to consider grooming, to reduce the contamination
from these effects, which will be the topic of a forthcoming publication [66].
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A Jet function for the jet shape when r . R
The jet function (or central subjet function) in eq. (2.2) for the anti-kT algorithm is up to
one-loop order given by [8]
Gjetq (z, zr, pTR, r/R, µ)
= δ(1−z)δ(1−zr) + αs
2pi
{
δ(1−zr)LR [Pqq(z) + Pgq(z)]− δ(1−zr)
[
2CF (1+z
2)
( ln(1−z)
1− z
)
+
+ 2Pgq(z) ln(1− z) + CF
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+ δ(1− z)θ
(
zr >
1
2
)
[Pqq(zr) + Pgq(zr)](Lr/R + 2 ln zr)
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+ 3 ln 2− pi
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− 1
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3
2
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(
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1
2
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2
3
+ 6
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R
)
− δ(1− z)θ
(1
2
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R
)
[Pqq(zr) + Pgq(zr)]
(
Lr/R + 2 ln zr
)]}
,
Gjetg (z, zr, pTR, r/R, µ)
= δ(1− z)δ(1− zr) + αs
2pi
{
δ(1− zr)LR
[
Pgg(z) + 2nfPqg(z)
]
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+ δ(1− z)θ
(
zr >
1
2
)
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. (A.1)
The splitting functions Pij are given in eq. (2.6), and we use the following short-hand
notation
LR = ln
( µ2
p2TR
2
)
, Lr = ln
( µ2
p2T r
2
)
, Lr/R ≡ Lr − LR = ln
(R2
r2
)
. (A.2)
B Anomalous dimensions
The one-loop anomalous dimensions directly follow from the expressions in secs. 2.3, 2.4
and 3,
γHqq(z, pTR,µ) =
αs
pi
[
CF
(
− LR − 3
2
)
δ(1− z) + Pqq(z)
]
,
γHqg(z, pTR,µ) =
αs
pi
Pgq(z),
γHgg(z, pTR,µ) =
αs
pi
[(
− CALR − 1
2
β0
)
δ(1− z) + Pgg(z)
]
,
γHgq(z, pTR,µ) =
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pi
Pqg(z),
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αsCF
pi
(
2 ln
ν
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3
2
)
,
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αs
pi
(
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1
2
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)
,
γSq (µ, νR) =
αsCF
pi
ln
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ν2R2
,
γSg (µ, νR) =
αsCA
pi
ln
4µ2
ν2R2
,
γνq (k⊥, µ) = 4αsCF
1
µ2
1
(k2⊥/µ2)+
,
γνg (k⊥, µ) = 4αsCA
1
µ2
1
(k2⊥/µ2)+
. (B.1)
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Jet axis
 
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~k?   ~k0?<latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=" >AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17v IgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOm OgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2iuYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtD RNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0 sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBTdoQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=" >AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17v IgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOm OgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2iuYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtD RNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0 sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBTdoQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=" >AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17v IgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOm OgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2iuYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtD RNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0 sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBTdoQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=" >AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17v IgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOm OgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2iuYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtD RNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0 sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBTdoQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit>
Jet axis
 
<latexit sha1_base64="jzg5prDUYl7kdjhcxk8LRd6xJjE=">AAAB63icdVDLSgNBEOyNrxhfUY96GAyCp2XWRBJvQS8eEzAPSJYwO5 lNhsw+mJkVwpJf8OJBEa/+g9/hzZuf4myioKIFDUVVN91dXiy40hi/Wbml5ZXVtfx6YWNza3unuLvXVlEiKWvRSESy6xHFBA9ZS3MtWDeWjASeYB1vcpn5nRsmFY/Caz2NmRuQUch9TonOpH485oNiCdu1MsZOBWG7XK5U8bkh+KxWq5SRY+M5SvXDl+Y7ADQGxdf+MKJJwEJNBVGq5+ BYuymRmlPBZoV+olhM6ISMWM/QkARMuen81hk6NsoQ+ZE0FWo0V79PpCRQahp4pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyE4F0hLLH0ZBLRrWYGkKo5OZWRMdEEqpNPAUTwten6H/SPrUdbDtNk8YFLJCHAziCE3CgCnW4gga0gMIYbuEeHqzAurMeradFa876nNmHH7CePwCHIJDG</ latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTp qhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq 6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlki w=</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTp qhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq 6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlki w=</latexit><latexit sha1_base64="U4aMaw6G5Y8BZ5gg1sWV9SMIbyc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm6la63ohePFawttEvJpt luaJJdkqxQSv+CFw+KePUPefPfmG0rqOiDgcd7M8zMizLOtEHowymtrK6tb5Q3K1vbO7t71f2DO53mitA2SXmquhHWlDNJ24YZTruZolhEnHai8VXhd+6p0iyVt2aS0VDgkWQxI9gUUj9L2KBaQ27gI+TVIXJ9v95AF5ag8yCo+9Bz0Rw1sERrUH3vD1OSCyoN4VjrnocyE06xMoxwOq v0c00zTMZ4RHuWSiyoDqfzW2fwxCpDGKfKljRwrn6fmGKh9UREtlNgk+jfXiH+5fVyEwfhlMksN1SSxaI459CksHgcDpmixPCJJZgoZm+FJMEKE2PjqdgQvj6F/5O7M9dDrneDas3LZRxlcASOwSnwQAM0wTVogTYgIAEP4Ak8O8J5dF6c10VryVnOHIIfcN4+AXcmjoE=</latexit>
~k?<latexit sha1_base64="Lyi0YZ1BRr1jQOpuQkQK2gok2RA=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPQ8+QxHgLePEYwSyQGUJ PpyZp0rPY3RMIQ77DiwdFvPox3vwbO4ugog8KHu9VUVUvSAVXmpAPa219Y3Nru7BT3N3bPzgsHR23VZJJBi2WiER2A6pA8BhammsB3VQCjQIBnWB8Pfc7E5CKJ/GdnqbgR3QY85Azqo3kexNg+XjW91KQab9UJjapXlXcKia2W3FJpWYIqbn1qoMdmyxQRis0+6V3b5CwLIJYM 0GV6jkk1X5OpeZMwKzoZQpSysZ0CD1DYxqB8vPF0TN8bpQBDhNpKtZ4oX6fyGmk1DQKTGdE9Uj99ubiX14v02Hdz3mcZhpitlwUZgLrBM8TwAMugWkxNYQyyc2tmI2opEybnIomhK9P8f+k7doOsZ3bSrnRWMVRQKfoDF0gB12iBrpBTdRCDN2jB/SEnq2J9Wi9WK/L1jVrNXO CfsB6+wSmOZKq</latexit><latexit sha1_base64="Lyi0YZ1BRr1jQOpuQkQK2gok2RA=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPQ8+QxHgLePEYwSyQGUJ PpyZp0rPY3RMIQ77DiwdFvPox3vwbO4ugog8KHu9VUVUvSAVXmpAPa219Y3Nru7BT3N3bPzgsHR23VZJJBi2WiER2A6pA8BhammsB3VQCjQIBnWB8Pfc7E5CKJ/GdnqbgR3QY85Azqo3kexNg+XjW91KQab9UJjapXlXcKia2W3FJpWYIqbn1qoMdmyxQRis0+6V3b5CwLIJYM 0GV6jkk1X5OpeZMwKzoZQpSysZ0CD1DYxqB8vPF0TN8bpQBDhNpKtZ4oX6fyGmk1DQKTGdE9Uj99ubiX14v02Hdz3mcZhpitlwUZgLrBM8TwAMugWkxNYQyyc2tmI2opEybnIomhK9P8f+k7doOsZ3bSrnRWMVRQKfoDF0gB12iBrpBTdRCDN2jB/SEnq2J9Wi9WK/L1jVrNXO CfsB6+wSmOZKq</latexit><latexit sha1_base64="Lyi0YZ1BRr1jQOpuQkQK2gok2RA=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPQ8+QxHgLePEYwSyQGUJ PpyZp0rPY3RMIQ77DiwdFvPox3vwbO4ugog8KHu9VUVUvSAVXmpAPa219Y3Nru7BT3N3bPzgsHR23VZJJBi2WiER2A6pA8BhammsB3VQCjQIBnWB8Pfc7E5CKJ/GdnqbgR3QY85Azqo3kexNg+XjW91KQab9UJjapXlXcKia2W3FJpWYIqbn1qoMdmyxQRis0+6V3b5CwLIJYM 0GV6jkk1X5OpeZMwKzoZQpSysZ0CD1DYxqB8vPF0TN8bpQBDhNpKtZ4oX6fyGmk1DQKTGdE9Uj99ubiX14v02Hdz3mcZhpitlwUZgLrBM8TwAMugWkxNYQyyc2tmI2opEybnIomhK9P8f+k7doOsZ3bSrnRWMVRQKfoDF0gB12iBrpBTdRCDN2jB/SEnq2J9Wi9WK/L1jVrNXO CfsB6+wSmOZKq</latexit><latexit sha1_base64="Lyi0YZ1BRr1jQOpuQkQK2gok2RA=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPQ8+QxHgLePEYwSyQGUJ PpyZp0rPY3RMIQ77DiwdFvPox3vwbO4ugog8KHu9VUVUvSAVXmpAPa219Y3Nru7BT3N3bPzgsHR23VZJJBi2WiER2A6pA8BhammsB3VQCjQIBnWB8Pfc7E5CKJ/GdnqbgR3QY85Azqo3kexNg+XjW91KQab9UJjapXlXcKia2W3FJpWYIqbn1qoMdmyxQRis0+6V3b5CwLIJYM 0GV6jkk1X5OpeZMwKzoZQpSysZ0CD1DYxqB8vPF0TN8bpQBDhNpKtZ4oX6fyGmk1DQKTGdE9Uj99ubiX14v02Hdz3mcZhpitlwUZgLrBM8TwAMugWkxNYQyyc2tmI2opEybnIomhK9P8f+k7doOsZ3bSrnRWMVRQKfoDF0gB12iBrpBTdRCDN2jB/SEnq2J9Wi9WK/L1jVrNXO CfsB6+wSmOZKq</latexit>
~k0?
<latexit sha1_base64="SqBqxiEq0jTGsz4xvYSTEyPaeGg=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB6GnqSYJJbwIvHCGaBZAw9nZqkSc9 Cd08kDPkPLx4U8eq/ePNv7CyCij4oeLxXRVU9LxZcaUI+rMza+sbmVnY7t7O7t3+QPzxqqSiRDJosEpHseFSB4CE0NdcCOrEEGngC2t74au63JyAVj8JbPY3BDegw5D5nVBvprjcBlo5n5/1eDDLu5wvEJqXKJSljYpdI1SnWDKkQUinXsGOTBQpohUY//94bRCwJINRMUKW6Dom1m1KpORMwy/USB TFlYzqErqEhDUC56eLqGT4zygD7kTQVarxQv0+kNFBqGnimM6B6pH57c/Evr5tov+qmPIwTDSFbLvITgXWE5xHgAZfAtJgaQpnk5lbMRlRSpk1QORPC16f4f9Iq2g6xnZtyoV5fxZFFJ+gUXSAHVVAdXaMGaiKGJHpAT+jZurcerRfrddmasVYzx+gHrLdPERqS4A==</latexit><latexit sha1_base64="SqBqxiEq0jTGsz4xvYSTEyPaeGg=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB6GnqSYJJbwIvHCGaBZAw9nZqkSc9 Cd08kDPkPLx4U8eq/ePNv7CyCij4oeLxXRVU9LxZcaUI+rMza+sbmVnY7t7O7t3+QPzxqqSiRDJosEpHseFSB4CE0NdcCOrEEGngC2t74au63JyAVj8JbPY3BDegw5D5nVBvprjcBlo5n5/1eDDLu5wvEJqXKJSljYpdI1SnWDKkQUinXsGOTBQpohUY//94bRCwJINRMUKW6Dom1m1KpORMwy/USB TFlYzqErqEhDUC56eLqGT4zygD7kTQVarxQv0+kNFBqGnimM6B6pH57c/Evr5tov+qmPIwTDSFbLvITgXWE5xHgAZfAtJgaQpnk5lbMRlRSpk1QORPC16f4f9Iq2g6xnZtyoV5fxZFFJ+gUXSAHVVAdXaMGaiKGJHpAT+jZurcerRfrddmasVYzx+gHrLdPERqS4A==</latexit><latexit sha1_base64="SqBqxiEq0jTGsz4xvYSTEyPaeGg=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB6GnqSYJJbwIvHCGaBZAw9nZqkSc9 Cd08kDPkPLx4U8eq/ePNv7CyCij4oeLxXRVU9LxZcaUI+rMza+sbmVnY7t7O7t3+QPzxqqSiRDJosEpHseFSB4CE0NdcCOrEEGngC2t74au63JyAVj8JbPY3BDegw5D5nVBvprjcBlo5n5/1eDDLu5wvEJqXKJSljYpdI1SnWDKkQUinXsGOTBQpohUY//94bRCwJINRMUKW6Dom1m1KpORMwy/USB TFlYzqErqEhDUC56eLqGT4zygD7kTQVarxQv0+kNFBqGnimM6B6pH57c/Evr5tov+qmPIwTDSFbLvITgXWE5xHgAZfAtJgaQpnk5lbMRlRSpk1QORPC16f4f9Iq2g6xnZtyoV5fxZFFJ+gUXSAHVVAdXaMGaiKGJHpAT+jZurcerRfrddmasVYzx+gHrLdPERqS4A==</latexit><latexit sha1_base64="SqBqxiEq0jTGsz4xvYSTEyPaeGg=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB6GnqSYJJbwIvHCGaBZAw9nZqkSc9 Cd08kDPkPLx4U8eq/ePNv7CyCij4oeLxXRVU9LxZcaUI+rMza+sbmVnY7t7O7t3+QPzxqqSiRDJosEpHseFSB4CE0NdcCOrEEGngC2t74au63JyAVj8JbPY3BDegw5D5nVBvprjcBlo5n5/1eDDLu5wvEJqXKJSljYpdI1SnWDKkQUinXsGOTBQpohUY//94bRCwJINRMUKW6Dom1m1KpORMwy/USB TFlYzqErqEhDUC56eLqGT4zygD7kTQVarxQv0+kNFBqGnimM6B6pH57c/Evr5tov+qmPIwTDSFbLvITgXWE5xHgAZfAtJgaQpnk5lbMRlRSpk1QORPC16f4f9Iq2g6xnZtyoV5fxZFFJ+gUXSAHVVAdXaMGaiKGJHpAT+jZurcerRfrddmasVYzx+gHrLdPERqS4A==</latexit>
~k?   ~k0?<latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=">AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2 R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17vIgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOmOgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2i uYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtDRNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBT doQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=">AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2 R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17vIgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOmOgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2i uYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtDRNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBT doQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=">AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2 R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17vIgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOmOgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2i uYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtDRNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBT doQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit><latexit sha1_base64="d2uOBz3ztbgedG8hzcCTJzWgzmk=">AAACBXicdVC7TgJBFJ3FF+ILtdRiIjHaSHbBFehIbCwxESRhN2 R2uMCE2UdmZknIhsbGX7Gx0Bhb/8HOv3GANVGjJ5nk3HPuzZ17vIgzqUzzw8gsLa+srmXXcxubW9s7+d29lgxjQaFJQx6KtkckcBZAUzHFoR0JIL7H4dYbXc782zEIycLgRk0icH0yCFifUaK01M0fOmOgyWjadSIQ0dmiOknLbr5gFsvVcrVmY7No2bWqfaGJXa6USya2i uYcBZSi0c2/O72Qxj4EinIiZccyI+UmRChGOUxzTiwhInREBtDRNCA+SDeZXzHFx1rp4X4o9AsUnqvfJxLiSznxPd3pEzWUv72Z+JfXiVW/6iYsiGIFAV0s6sccqxDPIsE9JoAqPtGEUMH0XzEdEkGo0sHldAhfl+L/SatUtHRE1+eFej2NI4sO0BE6RRaqoDq6Qg3URBT doQf0hJ6Ne+PReDFeF60ZI53ZRz9gvH0Co+mZTQ==</latexit>
 max2
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Figure 15. The geometry of |k⊥ − k′⊥| < pT r for |k⊥| < pT r (left) and |k⊥| > pT r (right).
Here LR is defined in eq. (A.2) and the splitting functions are given in eq. (2.6). To achieve
NLL′ accuracy, we include the two-loop cusp anomalous dimensions for the lnµ and ln ν
terms in the anomalous dimensions. This amounts to multiplying these terms by
1 +
αs
4pi
[(67
9
− pi
2
3
)
CA − 20
9
TF nf
]
. (B.2)
C Rapidity anomalous dimension of the one-loop collinear function
We will now check that our expression for the collinear function satisfies the rapidity
evolution equation in eq. (2.10), which expanded up to one-loop order reads
d
d ln ν
C
(1)
i (zr, pT r, k⊥, µ, ν) = −
∫
d2k′⊥
(2pi)2
γ
ν(1)
i (k⊥ − k′⊥, µ)C(0)i (zr, pT r, k′⊥, µ, ν) . (C.1)
Note that γ
ν(1)
i (k⊥) was already obtained from the soft function, so this provides a cross
check. From eq. (3.21) we find that the left-hand side of eq. (C.1) is given by
dC
(1)
i,θ<r
d ln ν
= Θ(k⊥ < pT r) δ(1− zr) αsCi
2pi2
∫ 2pi
0
dφL1
+ Θ(k⊥ > pT r) δ(1− zr) αsCi
pi2
∫ φmax
−φmax
dφ ln
( βmin2
βmax2
)
, (C.2)
where the color factor is given by Cq = CF for quarks and Cg = CA for gluons.
Since the terms in eq. (C.2) correspond to θ < r and θ > r, respectively, it is natural
to split up the calculation of the right-hand side of eq. (C.1) in the same pieces. For θ < r
– 32 –
this requires computing,
Θ(k⊥ < pT r)
∫
d2k′⊥
(2pi)2
1
µ2
1
(k′2⊥/µ2)+
Θ
(|k⊥ − k′⊥| < pT r)
= Θ(k⊥ < pT r)
∫ 2pi
0
dφ
∫ ( pT βmax1
µ
)2
0
d(k′2⊥/µ
2)
8pi2
1
(k′2⊥/µ2)+
= −Θ(k⊥ < pT r) 1
8pi2
∫ 2pi
0
dφL1(k⊥) , (C.3)
which agrees with the first term in eq. (C.2) when including the overall factor of −4αsCF .
Here we used that |k⊥ − k′⊥| < pT r is equivalent to |k′⊥| < pTβmax1 , as it involves the same
geometry used in the computation of the collinear function, see the left panel of fig. 15.
Similarly, for θ < r we can rewrite the condition |k⊥ − k′⊥| < pT r as pTβmin2 < |k′⊥| <
pTβ
max
2 and −φmax < φ < φmax, as is clear from the right panel of fig. 15. This leads to
Θ(k⊥ > pT r)
∫
d2k′⊥
(2pi)2
1
µ2
1
(k′2⊥/µ2)+
Θ
(|k⊥ − k′⊥| < pT r)
= Θ(k⊥ > pT r)
∫ φmax
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dφ
∫ ( pT βmax2
µ
)2(
pT β
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2
µ
)2 d(k′2⊥/µ2)8pi2 1(k′2⊥/µ2)+
= −Θ(k⊥ < pT r) 1
4pi2
∫ 2pi
0
dφ ln
( βmin2
βmax2
)
, (C.4)
yielding the second term on the right-hand side of eq. (C.2).
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